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In the current era of noisy intermediate-scale quantum (NISQ) technology, quantum devices present 
new avenues for addressing complex, real-world challenges including potentially NP-hard optimization 
problems. Acknowledging the fact that quantum methods underperform classical solvers, the 
primary goal of our research is to demonstrate how to leverage quantum noise as a computational 
resource for optimization. This work aims to showcase how the inherent noise in NISQ devices can 
be leveraged to solve such real-world problems effectively. Utilizing a D-Wave quantum annealer 
and IonQ’s gate-based NISQ computers, we generate and analyze solutions for managing train 
traffic under stochastic disturbances. Our case study focuses on the Baltimore Light RailLink, which 
embodies the characteristics of both tramway and railway networks. We explore the feasibility of 
using NISQ technology to model the stochastic nature of disruptions in these transportation systems. 
Our research marks the inaugural application of both quantum computing paradigms to tramway and 
railway rescheduling, highlighting the potential of quantum noise as a beneficial resource in complex 
optimization scenarios.
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It is an important goal to realize scalable and fault-tolerant quantum computers1–3. However, the technological 
challenges are immense and currently available devices are characterized and governed by noise. These noisy 
intermediate-scale quantum (NISQ) devices4 are already capable of practical computations, yet any application 
will have to embrace numerical imperfections and shortcomings. Thus, the obvious and important question 
arises whether the inevitably noisy characteristics can be exploited as a resource.

The applicability of quantum computing has already been demonstrated in optimization problems for 
industrial and operations research tasks5. A particular area of interest is railway transportation, where, for 
instance, a few hours of operation of a single metro line with about 13 stations and 150 trains was solved on a 
current classical computer in approximately 5 h. In practice, re-scheduling and dispatching decisions must be 
made in seconds6 and hence new technologies such as a quantum approach are desirable6–8.

Only rather recently, employing NISQ for railway scheduling has been demonstrated  9. In this work, re-
scheduling was expressed as a quadratic unconstrained binary optimization (QUBO) problem, which was 
then solved using a D-Wave quantum annealer—for the conceptual extension of the model to a higher order 
unconstrained binary optimization (HOBO) approach see 10. Importantly, while ideally the output of a quantum 
annealer is the exact optimal solution (corresponding to the ground state of the Ising model used to encode 
the QUBO), higher-lying excited states are often returned instead. In terms of the original scheduling problem, 
these higher-lying states may correspond to rail traffic with additional disturbances. Referring to railways 
see Ref.  11 (high-speed trains timetable optimization on coherent Ising machine quantum simulator), Ref.  12 
(rolling stock planning on the quantum annealer for German Railways Network), and Refs. 13,14 (finding the 
rail transportation plan on the IBM 32-qubit QASM simulator using QUBO/HOBO and quantum approximate 
optimization algorithm—QAOA—encoding) for a complementary approaches. However, these studies did not 
tie the noise of NISQ device with the stochastic behavior of a particular public transportation system.

In the present work, we demonstrate the utility of NISQ devices (and systematically compare annealers and 
gate-based computers) for the problem of railway scheduling by leveraging the inherent noise present in all such 
devices as a tool to model stochastic behavior in real-world problems, an idea that will prove especially relevant 
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to the development of hybrid quantum/classical solution methods—see Supplementary Information for pseudo 
code. Such hybrid methods can tackle significantly larger problems than either the classical or NISQ approach 
by themselves 15.

Technically, our approach follows the ideas presented in Ref. 16 but with a focus on the practical application 
of railway re-scheduling. We focus on rail systems with some stochastic features as can be found in tramways, 
which partially share infrastructure with road traffic. Some research has been performed on this problem17 and 
on stochastic optimization of tramway scheduling in general, e.g., in the Hong Kong tram network18, however 
literature on this topic is sparse8 and generally with a different focus such as infrastructure repair scheduling19 
or vehicle and crew rescheduling20. In our previous research, non-optimal but practically sound solutions of 
railway scheduling 21 and analogous Automated Guided Vehicles scheduling 22 problems have been obtained 
from D-Wave’s proprietary hybrid solvers. Unfortunately, these solvers are closed black boxes and it isn’t easy to 
assess the actual effort done by the QPU during optimization. Given such experience, in this work we concentrate 
on pure quantum computing with trackable performance.

In our work, we focus on a specific real-world transportation system: the Baltimore Light RailLink in 
Baltimore, Maryland23 The Baltimore Light RailLink system is an important factor in the economic development 
in the urban area surrounding the network24, and current data on its performance25 indicates that there is a 
margin for improvement. These properties of the Baltimore Light RailLink infrastructure are in no way unique 
and are found in other tramway infrastructures (for example that in Karlsruhe, Germany26), therefore the 
conclusions we draw in this work are general.

In Fig. 1 we depict the portion of the Baltimore Light RailLink network we consider in this work on a map 
and schematically. Between Camden Station and Mount Royal the trains are subject to essentially random 
variations in transit time due to road traffic, hence we denote the segment of the network bounded by these two 
stations as the “stochastic zone”. Outside of this region, for example north to Mount Royal, the trains travel on 
dedicated infrastructure and travel times are deterministic. In this work, we analyze dispatching situations for 
this portion of the network in terms of decision stations21, with a focus on the passing time of trains through the 
stochastic zone.

Our approach can serve as one component of a multilevel combinatorial optimization approach combining 
the strengths of existing classical solvers with quantum architectures27 for the purposes of railway scheduling, 
especially when the underlying network exhibits some form of stochasticity. These multilevel algorithms allow 
the solution of problems an order of magnitude larger than current quantum hardware can handle directly, and 
we expect that a hybrid algorithm based on our techniques can be applicable to large and practically-relevant 
railway problems, for example of size comparable with these in Ref. 7.

This article is organized as follows: In “Mathematical models” we present the model of the Baltimore Light 
RailLink and solution methods for both the quantum annealing and gate-based quantum computing paradigms. 
In “Computational results” we present results from experiments with each of these approaches, using machines 
from D-Wave and IonQ, alongside simulations. We discuss these results in light of real-life data measured from 
railway traffic, before presenting our conclusions in “Conclusions”. Additional details on encoding constraints 
in QUBO problems, on a proposed hybrid algorithm that can be applied to larger railway scheduling problems, 
on hardware details and embeddings or circuits used for our experiments with a D-Wave quantum annealer and 
IonQ’s gate-based trapped ion computer, and on some tests using IBM’s superconducting gate-based computers 
are available as supplementary material.

Fig. 1.  Map based on28 (left) and schematic representation (right) of the Baltimore Light RailLink system we 
consider. The stochastic zone with shared infrastructure runs between Camden Station (CS) and Mount Royal 
(MR). There is then a deterministic connection with dedicated infrastructure connecting Mount Royal to Penn 
Station (PS)—Figure generated by LaTeX tikz (pdfTeX 3.141592653-2.6-1.40.25).
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Mathematical models
The basic idea behind our research is to apply the NISQ device to model the trains’ traffic in the stochastic 
zone in Fig. 1, as quantum computers are NISQ devices 4 and so their output is inherently noisy and stochastic. 
For encoding this problem in a form amenable to quantum computing, we follow the outline of  9. We first 
encode the scheduling problem as an Integer Linear Programming (ILP) problem, which is then transformed 
into a Quadratic Unconstrained Binary Optimization (QUBO) problem which serves as the input for various 
optimization methods developed for quantum computers.

Integer linear programming approach
The state-of-the-art approach6 to railway scheduling—and re-scheduling in particular—is to encode the problem 
as an ILP problem and solve it using high-quality solvers such as CPLEX. Stochastic components are often 
handled by solving many ILP problems with various parameters 18, or with simulations, see e.g. 29. In this section, 
we present the mapping of our train scheduling problem to an ILP problem. To do so it is necessary to specify the 
variables which are used to encode a solution timetable, the constraints imposed on those variables, and finally 
the objective used to evaluate solution timetables for optimality. Throughout, we will concentrate primarily on 
re-scheduling problems where the input timetable requires modification, for example, due to it being infeasible 
as a result of disturbances causing constraint violations.

Variables
To begin, we assign numeric identifiers to the trains we wish to schedule and to the stations they will visit. We 
will use the subscript j to select a particular train, and #J  to denote the total number of trains. Similarly, the 
subscript s will select a specific station and #S will indicate the total number of stations.

We introduce a set of non-negative integer variables

	 tins,j ∈ Z+,� (1)

which represent the time train j enters station s. As is typical for railway scheduling, we measure times with a 
resolution of one minute6. Note that if s is the first station in the train’s j route, then tins,j  is the time the train is 
ready to start its route. After the minimal stop at the station, it can proceed.

We denote the arrival time of train j at station s as given by the not-disturbed (reference) timetable by τ in
s,j . 

The earliest time at which the train could arrive is denoted by ls,j ≥ τ in
s,j . This is just the non-disturbed timetable 

arrival time if the train has not been delayed, or if the input timetable is infeasible the lowest possible arrival time 
given no rail traffic. If we assume that there is a maximal allowed additional (called also secondary30) delay given 
by dmax, then we may also define a latest possible arrival time us,j = ls,j + dmax and so

	 ls,j ≤ tin
s,j ≤ us,j equivalently tin

s,j ∈ Rs,j .� (2)

Importantly, the maximal delay parameter dmax determines the problem size by constraining the range of time 
variables. We have at most #S#J  such time variables, as we do not consider recirculation 31.

For the purposes of our model, we assume that the stay time of the train at the station is constant and equal 
to δstation. We then define the time at which train j leaves station s,

	 tout
s,j = tins,j + δstation.� (3)

Alongside the variables we have just defined which describe the times at which trains arrive at and depart from 
stations, we introduce binary variables which specify the precedence of trains. Specifically, define

	 yj,j′,s ∈ {0, 1}� (4)

so that yj,j′,s = 1 if train j enters station s before train j′ (by considering the reversed case, we see that 
yj,j′,s = 1 − yj′,j,s).

Since we have imposed a maximal delay time of dmax, then following the discussion in21 we expect that each 
train has a dependency on (i.e., is potentially in conflict with) a roughly constant number of trains, regardless of 
how large the problem is. Hence, the number of y variables is proportional to #J  and #S.

Constraints
We impose three types of constraints which must be satisfied for a solution to represent a valid schedule. 
Additionally, as all trains move with similar average speeds and have the same priority we expect that they will 
not meet and overtake at or between stations. This condition is not encoded explicitly but will be checked for 
any solution.

The first of constraint we consider is the minimal headway constraint, which is taken to be deterministic. If 
two trains are heading in the same direction, they are required to maintain a minimal headway time δheadway 
between them. Explicitly, let Hs be the set of all pairs of trains which have a minimal headway dependency 
entering s. Then:

	
∀s∀(j,j′)∈Hs

{
tins,j′ ≥ tins,j + δheadway if yj,j′,s = 1
tins,j ≥ tins,j′ + δheadway if yj,j′,s = 0.

� (5)

Scientific Reports |        (2025) 15:29576 3| https://doi.org/10.1038/s41598-025-15545-0

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


From this, we conclude that we have one minimal headway constraint per y variable. The average size of Hs over 
the set of stations depends on the dmax parameter and is expected to be proportional to the number of trains.

The second constraint is the rolling stock circulation constraint, which is also taken to be deterministic. If 
two trains are heading in opposite directions, they may use the same rolling stock so be dependent. In such a 
case, if the train j terminates at s, then after a preparation time δpreparation the subsequent train j′ is ready to 
start its journey backwards. Let RSs be the set of all such pairs of trains, which is timetable-dependent. Then:

	 ∀(j,j′)∈RSs tins,j′ ≥ tins,j + δpreparation + δstation.� (6)

There are far fewer rolling stock circulation constraints than there are minimal headway constraints.
The final constraint we consider is a constraint on the minimal passing time, and it is here where the 

underlying stochasticity of the model appears. In the deterministic scheduling case, the minimal passing time 
between stations is given by the train-independent constant δpass

s,s′ . Then the minimal passing time constraint 
implies:

	 ∀j∀(s,s′)∈SPj
tins′,j ≥ tout

s,j + δpass
s,s′ ,� (7)

where SPj  is a set of all pairs of subsequent stations in the route of j. The average size (over trains) of SPj , 
namely |SPj |, is expected to be proportional to the total number of stations in the model.

As argued when introducing our model shown in Fig. 1, the effect of road traffic on the shared infrastructure 
will be to add some randomness to the passing time through the stochastic zone. To model this, we modify 
Eq. (7) to:

	 ∀j∀(s,s′)∈SPj
tins′,j ≥ tout

s,j + δpass
s,s′ + w.� (8)

where w ∈ W  is the particular realization of a non-negative stochastic factor representing the additional 
unpredictable delay. To gather statistics of the problem, such an approach would require solving many ILP 
problems that employ the constraints of Eq.  (8) with a range of actual values of w, as there are |W| such 
possibilities for each inequality. In the worst case, we expect to need to solve approximately #J#S|W| ILP 
problems, which could be a very large number. In this work, we demonstrate that a similar outcome can be 
achieved from a single set of runs of a quantum device, which can be performed in seconds.

All together, from Eqs. (7) and  (5) and the surrounding discussion we expect the number of constraints to 
be linear in #J  and #S.

Objective
The objective function we seek to minimize when constructing a timetable is the sum of delays at some selected 
stations listed in S∗,

	
f =

∑
j

∑
s∈S∗

tins,j − τ in
s,j

dmax
.� (9)

We assume that the deterministic approach with minimal passing time constraints given by Eq. (7) yields the 
optimal solution. As w in Eq. (8) is non-negative, the stochastic approach may result in feasible solutions with 
higher values for the objective f. This is also true of the output of a minimization using a NISQ device. The 
remainder of this paper is dedicated to examining this observation.

QUBO approach for quantum computing
The ILP problem formulated in the previous section defines our scheduling problem, however it is not in a form 
which is easily solvable with NISQ devices. For that, it is necessary to move to a QUBO representation (for a 
detailed discussion of the QUBO formulation, see32). Following9, we define the optimization problem in terms 
of the binary decision variables

	
xs,j,t =

{ 1 if train j enters station s at time t
0 otherwise .� (10)

where t is in the interval Rs,j  defined in Eq.  (2). The number of these decision variables N is at most 
#J#S(dmax + 1), as some trains may serve not all stations.

The binary decision variables in Eq. (10) can be gathered into a vector x⃗ ∈ {0, 1}N , where the elements of x⃗ 
are labeled xi, where each i is the flattened version of the corresponding multi-index s, j, t introduced in Eq. (10). 
Then, the (re-)scheduling problem becomes equivalent to finding the vector x⃗ which minimizes the quadratic 
form

	 E(x⃗) = x⃗Qx⃗T ∈ R,� (11)

to determine the minimum objective value E0 = minx⃗ E(x⃗) and optimal solution x⃗0 = argminE(x⃗). Q is 
the matrix encoding the constraints and objective function, which can be taken to be symmetric. The details 
on encoding the minimal passing time [cf. Eq. (7)] minimal headway [cf. Eq. (5)] and rolling stock circulation 
[cf. Eq. (6)] constraints as discussed in “Integer linear programming approach” in terms of a quadratic form on 
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the binary decision variables are presented in the Supplementary Information. Ultimately, we expect both the 
number of qubits (N) and the number of non-zero entries in the Q matrix to be proportional to #J#S. Hence, 
for constant dmax, the mean degree of the problem graph is expected to be independent on #J  and #S.

These constraints are all quadratic and have the form

	

∑
i,i′

xixi′ = 0.� (12)

Transforming from the constrained optimization problem of the original scheduling problem and subsequent 
ILP formulation to an unconstrained problem which can be encoded as a QUBO is performed by making the 
hard constraints soft with an associated penalty for constraint violations,

	

∑
i<i′

ppair(xixi′ + xi′ xi).� (13)

Once expressed in this form, it is straightforward to input the constraints into the Q matrix of Eq. (11). Following 9, 
we chose one value ppair for all quadratic terms in Eq. (13) associated with violations of the constraints, but 
the generalization is straightforward. The number of these constraints is expected to be linear in #S #J , as 
discussed in “Integer linear programming approach” and the Supplementary Information.

We have another set of constraints, the so-called one-hot constraints33. These constraints ensure that each 
train leaves each station once and only once:

	

∀s,j∈(S,J)

∑
t∈Rj,s

xs,j,t = 1,� (14)

wherein the set of pairs of trains and stations is denoted by (S, J) and where t runs over the range Rj,s introduced 
in Eq. (2). The number of these sums is limited by #S#J , as at most each train passes each station. This can be 
written in unconstrained form with a penalty,

	

∑
s,j∈(S,J)

psum


 ∑

t∈Rj,s

xs,j,t − 1




2

,� (15)

which is then transformed using the identity x2
s,j,t = xs,j,t yielding finally,

	

∑
s,j∈(S,J) psum

(
∑

t, t′ ∈ Rj,s

t ̸= t′
xs,j,txs,j,t′ −

∑
t∈Rj,s

x2
s,j,t

)
.� (16)

We expect approximately (dmax + 1)2#J#S such terms.
The objective is linear and is directly derived from Eq. (9):

	

f(x⃗) =
∑

j

∑
s∈S∗


 ∑

t∈Rj,s

t − τ in
s,j

dmax
xs,j,t


 .� (17)

The solution to the QUBO of Eq. (11) will correspond to the optimal solution to the scheduling problem. We 
expect that nearly optimal solutions whose objective values are not much larger will correspond to solutions 
which are consistent with the constraints but which include increased passing time between stations. Solutions 
further from optimal with larger values of the objective function will then typically correspond to solutions 
which fail to satisfy the pair and sum constraints of the forms presented in Eqs. (13) and (15), respectively. The 
interplay between these two situations is controlled by the penalty parameters in the QUBO, psum and ppair.

Identifying good values psum and ppair for the penalty parameters is a complicated problem, and recent 
years have seen the development of dedicated algorithms for this purpose34. These algorithms have, however, 
complexity that must be included for in estimates of the computational time of the final problem (e.g., the general 
procedure of finding the proper quantum encoding/circuits is NP-hard itself  35). Furthermore, algorithmic 
approaches are typically based on deriving a lower bound for the penalty coefficients necessary to enforce the 
various constraints by splitting feasible and non-feasible parts of the spectrum. Then, one expects the penalty 
from the violation of constraint to be larger than any possible changes of the objective. In practice, better results 
are often recorded for penalty coefficients smaller than the above-mentioned lower limits36. In this case, the 
spectra corresponding to the feasible and non-feasible solution spaces overlap. We expect that this yields some 
positive impact on the solution process, e.g. by smoothing local minima in the quantum evolution process.

To understand this effect, the studies presented in this work were all repeated twice. In one case which we call 
the overlapping spectrum case, we choose the penalty values such that one broken constraint corresponds to 4× 
the worst objective at a single train and station, psum = 4 and ppair = 2. The other case we call the split spectrum 
case, where the penalties are made 10× larger: psum = 40 and ppair = 20.
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Recall that if we explicitly require that trains do not meet and overtake at or between stations (see “Integer 
linear programming approach”), a HOBO encoding such as in Ref.10 would be required. However, such an 
approach would substantially complicate the problem for the annealer, leading to rather limited practical benefit 
in our case. For example, in Ref.10 HOBO problems corresponding to at most 3 trains and 2 stations were 
handled successfully by pure quantum annealing on the D-Wave machine. Nevertheless, we acknowledge, that 
the HOBO encoding can be more competitive when applying the gate-based quantum computing via the QAOA 
approach, which opens a particular avenue for further research.

Ising model for quantum annealing
The final step necessary to express the scheduling problem in a form amicable to solution on a NISQ device 
is to transform from QUBO to Ising representation. This reformulation is straightforwardly implemented by 
introducing the spin variables si ∈ {−1, 1} and taking si = 2xi − 1, where xi are the variables in the original 
QUBO representation. In this way, the QUBO formulation in Eq. (11) is transformed into the Ising Hamiltonian:

	
H(s⃗) =

∑
(i,i′)

Ji,i′ sisi′ +
∑

i

sihi.� (18)

Here Ji,i′  and hi are couplings and constant terms resulting from particular Q in QUBO in Eq (11). Minimization 
of the latter over spin configurations is consistent with the minimization of the corresponding Eq. (11) with 
binary variables.

Quantum annealers such as those manufactured by D-Wave implement the quantum version of the Ising 
model, where spin variables become Pauli matrices acting on spin’s subspace. The Ising representation is the 
native input of the quantum annealer, where the original problem in Eq. (18) turns into the search for the lowest-
energy (or low-energy in practice) eigenstate of the following Hermitian Hamiltonian:

	
H =

∑
(i,i′)

Ji,i′ σz
i σz

i′ +
∑

i

σz
i hi.� (19)

The spin variable si = ±1 in Eq.  (18) is associated with σz
i  via σz

i |si⟩ = si|si⟩, where |si⟩ form a local 
computational basis.

The basic idea of quantum annealing relies on the celebrated adiabatic theorem 37. One prepares the initial 
state of the quantum system in the ground state of the initial Hamiltonian H0 =

∑
i
σx

i hi, then slowly evolves 
the Hamiltonian to Hp (the evolution time being called the annealing time T). If the evolution is sufficiently slow, 
then the final state will ideally be the ground state or at least a low-lying excited state of the final Hamiltonian, 
Eq.  (19) in this case, and hence a low-energy state of the original Ising model of Eq.  (18). The performance 
of this process is dependent on a variety of factors, e.g. on the eigenvalues of the Hamiltonian of Eq. (19) and 
their spacing. These relationships are complex, and it is not obvious what will be observed when analyzing two 
QUBOs with different penalty coefficients and hence different spectra.

As a final note, the Ising Hamiltonians corresponding to our scheduling problems are defined on a dense 
graph. Real quantum annealers do not have all-to-all connectivity, and so mapping our problems onto the 
native coupling graph of an actual quantum annealer 38 requires the use of a standard procedure called “minor 
embedding”. This embedding leads the overhead in the number of quantum bits and limits the size of the problem 
that can be handled by any given quantum annealer. As the size of the problem graph is linear in #J  and #S in 
terms of number of logical qubits and number of connections, we expect the number of physical qubits to be also 
proportional to #J  and #S. Hence, we do not expect an explosion in the required size of quantum processor 
necessary for large problems of practical relevance.

Model for gate quantum computing
Besides quantum annealing, the most common approaches to solving combinatorial optimization problems on 
NISQ-era quantum computers use the gate-based paradigm of quantum computing with variational algorithms. 
These algorithms make use of standard optimization algorithms running on a classical computer, with a 
quantum computer being used to evaluate the objective function which is to be minimized. There are various 
such algorithms39,40, which employ various variational ansatzes and are tuned for different purposes.

In this work, we use the quantum approximate optimization algorithm (QAOA)41. Given an N-qubit diagonal 
Hamiltonian HC  representing a cost function to be minimized (such as the Ising Hamiltonian encoding the 
scheduling problem given by Eq.  (19)) and a mixing Hamiltonian (typically HM =

∑
i
σx

i ), the algorithm 
proceeds by using a quantum computer to generate the ansatz state

	 |β⃗, γ⃗⟩ = e−iβpHM e−iγpHC . . . e−iβ1HM e−iγ1HC |+⟩⊗N � (20)

and compute the expectation value of the cost Hamiltonian ⟨β⃗, γ⃗|HC |β⃗, γ⃗⟩ where β⃗ and γ⃗ are p-dimensional 
vectors of coefficients characterizing each of the p layers of the ansatz. Once the 2p parameters that minimize this 
expectation value are identified, the corresponding ansatz state provides a good approximation of the ground 
state of the cost Hamiltonian, and so the prepared ansatz state in the computational basis yields an approximate 
solution to the initial combinatorial optimization problem. To find the optimal parameters, the computation of 
the expectation value using a quantum computer is treated as a black box function to be optimized with some 
classical optimization method, for example, the COBYLA method42 which has been shown to work well on these 
types of problems43.
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When comparing the process of solving a QUBO using QAOA against using a quantum annealer such 
as D-Wave, it is clear that QAOA is, in some sense, a more expensive process. One optimization using the 
algorithm-essentially equivalent to a single shot on a quantum annealer-requires a classical optimization to be 
run. This requires that a quantum computer be used to run a series of circuits with different parameter values to 
extract the objective function. Each of these requires many independent shots to sample the prepared ansatz to 
compute the objective function reliably.

It is nonetheless interesting to compare the performance of a general-purpose gate-based quantum computer 
against a dedicated quantum annealer on combinatorial optimization problems. While QAOA is inspired by 
adiabatic computation with a quantum annealer, it is not clear if the two models should be expected to exhibit 
similar behaviour as various problem parameters are adjusted (e.g., the problem size or the choice of penalty 
parameters). We also expect that the effect of noise present in current NISQ-era implementations may not 
affect the optimization result from a gate-based computer implementing QAOA in the same way as a quantum 
annealer.

As a final note, our decision to employ QAOA as our algorithm of choice for solving our problem instances 
using gate-based quantum hardware is motivated primarily by simplicity, efficacy, and ease of comparison to the 
results of quantum annealing. One of the major limitations of this approach is the limited qubit count available 
with presently-available gate-based quantum computers. This limitation can be mitigated in several ways, for 
example by considering hybrid quantum-classical optimizers that only solve subproblems on the quantum 
hardware (as we discuss in the Supplementary Information), or by considering clever encoding schemes that allow 
the solution of large problems with few qubits44–46. Such approaches are especially important on current NISQ 
hardware, as smaller circuits on fewer qubits promise higher accuracy and better optimization performance. An 
performance advantage due to encoding may also be possible if instead of distilling the scheduling problem to 
a QUBO, it is encoded as a higher-order binary optimization problem (HOBO). QAOA applied to higher-order 
problems can require fewer qubits, at the cost of increased circuit depth47,48.

Embracing the gate-based paradigm completely, there also exist approaches capable of solving scheduling 
problems without initially reducing the problem to a QUBO, for instance through quantum versions of the 
branch-and-bound algorithm49,50. These algorithms pose a challenge for current devices, but in the future may 
be a promising avenue towards solving large-scale problems with gate-based quantum hardware.

Computational results
To test our approach, we concentrate primarily on the stochastic zone of the Baltimore Light RailLink identified 
in the introduction and depicted in Fig. 1. This stochastic zone is the central part of the Baltimore Light RailLink 
between station Camden Station (CS) and Mount Royal (MR) station where railway traffic is shared with road 
traffic, and is connected to Penn Station (PS) with a section of track, currently under reconstruction. We model 
these three stations as decision stations21, the stations at which scheduling decisions are made.

From a real Baltimore Light RailLink timetable51 we can derive a set of model parameters. For the whole 
network, these are the minimum headway time δheadway = 2, the minimum preparation time δpreparation = 3, 
and minimum time in station δstation = 1. For the passage between stations MR and PS, the minimum passing 
times in the two directions are δpass

MR, PS = 14 and δpass
PS, MR = 2.

To model train traffic on this segment, we start with the real Baltimore Light RailLink timetable without 
any disturbances. Note that in our model we also include several trains whose route either starts from or ends 
at station PS, though these trains do not run at the current time as station PS is closed due for reconstruction52. 
This allows us to model rather dense railway traffic, and so we may limit the maximum secondary delay dmax 
which ensures the QUBO representations are not too large.

To ensure that our analysis is as thorough as possible, we generate various scheduling problem instances 
which incorporate from a number of trains #J ∈ {1, 2, 4, 6, 8, 10, 11, 12} and which have maximal delay 
parameters dmax of either 2 or 6 min. We divide the scheduling problems we consider into two classes:

•	 Non-disturbed, where the initial condition (input timetable) is feasible, as there are no delays of trains. In 
this case, the optimal solution (the solution to the deterministic scheduling problem) has an objective value 
of zero. Feasible solutions with non-zero objective values are expected to correspond to random disturbances 
in the stochastic zone.

•	 Disturbed, where delays have been injected into the input timetable. Here, the input problem can be infeasible 
even without stochastic disturbances as the delay may lead to constraint violations without adjustments to the 
schedule. Again, the optimal solution solves the deterministic version of the problem, and feasible solutions 
with slightly higher objective values are expected to correspond to random disturbances in the stochastic zone 
(bear in mind, that for one train instance, we do not have a disturbed case).

In total, we consider 30 distinct scheduling problems. When translated into the QUBO formulation, the smallest 
problem we consider (with a single train serving 2 stations and a maximum delay of 2 min, where the delay is 
counted from zero) requires 6 variables to encode. Mapped to a quantum Ising model for quantum annealing, 
this corresponds to 6 logical qubits. The largest problem (with 12 trains, each serving 2 or 3 stations, and a 
maximum delay of 6 min) requires 196 variables, which is comparable in size to the largest railway scheduling 
problems solved previously on a D-Wave machine in9. Note that since the D-Wave machine does not support 
arbitrary connectivity between its qubits, there is some overhead in embedding the QUBOs corresponding 
to our scheduling problems. For a deeper discussion, see the Supplementary Information. Fig. 2a shows the 
relationship between the number of logical qubits required for each QUBO we consider and the number of 
physical qubits necessary after embedding, which can be seen to be approximately linear. Also shown in Fig. 2b 
is an extrapolation of this scaling to a large enough number of logical qubits to handle problematic real-world 
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railway scheduling problems7, which are around 60× larger than the largest problem we consider in this work 
(in terms of #J#S, e.g. including around 13 stations and 150 trains).

For each of these 30 problems, solutions can be obtained with classical ILP solvers or through the solution 
of the corresponding QUBO problem on NISQ devices. In the latter case, the results will be stochastic due 
to the pervasive noise in current quantum computing platforms. Through the remainder of this section, we 
present details of the solution of these problems on a D-Wave quantum annealer and on a trapped-ion quantum 
computer by IonQ.

Quantum annealer
For the exploration of quantum annealing in this work, we have employed the D-Wave Advantage_
system6.3 machine with 5614 qubits and a configurable annealing time T (for hardware specifics, see the 
Supplementary Information). For each scheduling problem, we executed 25, 000 runs to build a large distribution 
of solutions. We did this for each of the 30 scheduling problems we defined, each run twice with annealing 
times of 10µs and 1000µs to study the effects on performance. The D-Wave embedding strategy uses chains of 
physical qubits to represent individual logical qubits. Here, we have used the default setting of dwave.system, the 
EmbeddingComposite Python library for all calculations on the D-Wave. The actual percentage of the number of 
solutions with no broken chains is greater than 50% for all calculations. We acknowledge, however, that properly 
setting chain strengths can have a positive impact on the annealer’s performance53, and assessing this problem is 
the sound direction of further investigation.

An example of the result distributions we obtained is presented in Fig. 3, which shows the distribution of 
solution energies produced for the 11 train scheduling problem broken down by annealing time and choice 
of penalty parameter values, with solutions categorized as feasible and infeasible (for the 12 train problems, 
certain parameter settings yielded no feasible solutions). The best results are obtained with a shorter annealing 
time and when the penalty values are chosen to give an overlapping spectrum as seen in Fig. 3a. The preference 
for a shorter annealing time is presumably a consequence of noise, but the improved performance when the 
spectrum is overlapping is a more non-trivial observation. From it, we conclude that for larger problems, when 
the annealing time is short it may be that penalty values which allow the feasible and non-feasible regions of 
the spectrum to overlap provide some computational advantage. A plausible intuitive explanation is given by 
considering that when the spectrum is split, if during the annealing process the system enters an excited state it 
may be locked in the excited and non-feasible region due to the spectral gap between the two regions.

To leverage these results practically for the problem of rail traffic scheduling, we concentrate on the statistics 
of passing times through the stochastic zone from feasible solutions. For the various 11 train scheduling 
problems, these statistics are presented in Fig. 4. In a later section, these distributions will be compared to the 
distribution of passing times measured from the actual Baltimore Light RailLink network. More generally, the 
findings presented in Fig. 4 qualitatively reproduce features of typical tramway delay frequency distributions due 
to disturbances as presented in Figs. 3, 4, 7, and 8 of54. Our results are also similar to the right tail of histograms 
of typical passing times of road-based public transportation as presented in Fig. 1a of55.

As a final note, we observe that the shape of the result distributions is sensitive to the maximal delay parameter 
dmax. It is not just that the distribution widens, but the overall contour appears to develop additional features. 
This alongside the variations in the distributions due to different annealing times and penalty values indicates 
that it should be possible to exert a certain level of control over the shape of the passing time distribution by 
adjusting these parameters.

Gate-based computers
For the gate-based approach, we solved our scheduling problems with QAOA running on the trapped ion hardware 
and noisy simulator provided by IonQ. IonQ’s “Aria-1” device provides 25 qubits with all-to-all connectivity, 
meaning that there is no embedding overhead when solving any given QUBO unlike with D-Wave’s quantum 
annealers. We solved four non-disturbed scheduling problems with variable counts of 6, 10, 14, and 18 on the 
Aria-1 device and one disturbed scheduling problem with 18 variables. These problems required the execution 
of quantum circuits operating on 6 to 18 qubits. For details on these circuits and on the hardware properties, 

Fig. 2.  Relationship between the number of logical qubits (variables) necessary to encode the scheduling 
problems considered in this work as QUBOs and the number of physical qubits required after embedding into 
the native coupling graph of the D-Wave annealer, for disturbed and non-disturbed instances with two choices 
for dmax. The trend for the problems we considered (a) is approximately linear, which can be extrapolated (b) 
to roughly estimate the number of qubits required to fit a crowded metro scheduling problem7.
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see the Supplementary Information. Taking the largest 18 variable QUBO, the corresponding QAOA circuit 
with a single-layer ansatz contained 54 single-qubit gates and 30 two-qubit gates. In terms of circuit complexity, 
the most challenging QUBO to solve is actually the 14 variable instance, which has a more complicated set of 
constraints leading to the single-layer ansatz compiling to a circuit with 42 single-qubit gates and 63 two-qubit 
gates.

On the Aria-1 device, the average gate error rates can vary considerably over time, with single-qubit gate 
errors generally averaging between 0.03% and 0.06% and with two-qubit gate errors generally averaging 
between 2.1% and 8.6%. Further details on the characterization of the device are given in the Supplementary 

Fig. 4.  Histograms showing the impact of the maximal secondary delay dmax and the annealing time T on 
passing times through the stochastic zone computed from feasible solutions generated by the D-Wave annealer 
for large instances with 11 trains (182 variables at dmax = 6), both disturbed (a,b) and non-disturbed (c,d). 
Annealing times T of 10µs (a,c) and 1000µs (b,d) are shown. In all cases, we use the penalty values psum = 4 
and ppair = 2 corresponding to an overlapping spectrum. Recall that the ILP versions of the problems were 
solved using CPLEX, returning a single optimal result for each instance, yielding the 14 min of MR-CS passing 
time; the CPLEX computational times of ILP problems were in the range of 0.0016–0.07 s.

 

Fig. 3.  Histograms of result energies measured with the D-Wave annealer showing the impact of the annealing 
time and penalty values on the QUBOs’ energy spectrum. Results are shown for the disturbed instance of 11 
trains with dmax = 6 requiring 182 logical and 503 physical qubits, with annealing times of T = 10µs (a,b) 
and T = 1000µs (c,d) and penalty values ppair = 2, psum = 4 (a,c) and ppair = 20, psum = 40 (b,d), which 
yield overlapping and split spectra respectively. Each histogram shows the results of 25,000 shots. Comparing 
the left and right panels makes the splitting of the spectrum due to the use of larger penalty values very clear. 
Comparing the top and bottom panels shows that in this case, a shorter annealing time typically yields better 
results.
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Information. To understand the impact of gate errors on the device performance for our scheduling problems, 
we solved each QUBO problem using QAOA with both a one- and two-layer ansatz. In principle, the more 
complicated two-layer variational ansatz should allow the prepared state to better approximate the true ground 
state of the problem Hamiltonian and therefore should lead to better optimization performance. In practice, 
however, this theoretical improvement is offset by the increased circuit depth and so increased susceptibility to 
gate errors and decoherence. Here, for the largest 18 variable QUBO the two-layer QAOA circuit required 90 
single- and 60 two-qubit gates. This is approximately double the number of the simpler circuit for the single-layer 
ansatz.

Due to constraints on hardware availability, we solved each of the four non-disturbed scheduling problems 
four times with QAOA on the Aria-1 hardware, with the two ansatze and two choices of penalty parameters. To 
better understand the results, we also solved each scheduling problem (both disturbed and non-disturbed) with 
QAOA run on the noisy simulator 50 times for each problem size and choice of parameters. Since we observe 
reasonable agreement between the results from the simulator and the device, we can use the simulator results as 
a proxy to understand the expected distribution of results with the gate-based approach.

The full set results from these experiments and simulations with a single-layer ansatz are presented in Fig. 5. 
Based on the fact that in each case the single experiment performed with the real hardware produced a result 
which was either optimal or close to optimal and which corresponded to an obvious peak in the histogram of 
results of the noisy simulations, we conclude that the noisy simulator does a reasonable job of capturing the 
behavior of the hardware and can therefore be used to make qualitative statements and predictions about its 
performance for train scheduling. Interestingly, the results we obtain from the noisy simulations show that the 
Aria-1 device performs better when the QUBO spectrum is split. This is opposite to the behavior of the D-Wave 
machine on the hardest instance solved as shown in Fig. 3.

Figure 6 shows the results of the experiments and simulations solving the largest 18 variable problem with a 
two-layer ansatz running on the Aria-1 device. The results are somewhat mixed, and we can not conclude which 
approach is better in this case.

For one specific two train scheduling problem with a disturbance requiring 18 variables, a comparison of 
the results obtained with the IonQ Aria-1 device with both ansatze and the results obtained with the D-Wave 
annealer is presented in Fig. 7 (for an additional point of comparison, we present some results from simulations 
of IBM’s superconducting devices in the Supplementary Information). In this case, it is clear that the single-
layer QAOA ansatz performs better than the two-layer ansatz, especially when the feasible and infeasible 
spectra overlap. An interesting qualitative observation is that while there is some similarity in the shapes of 
the histograms of result energies obtained with the different platforms, they are nonetheless visibly different. 
This is true for the different variational ansatze on the Aria-1 device as well, especially in the distribution of 

Fig. 5.  Histograms of the result energy measured using QAOA with a single-layer ansatz to solve the QUBOs 
corresponding to small non-disturbed scheduling problems on IonQ’s Aria-1 machine. The histograms show 
the results from noisy simulations, run 50 times per problem. Each QUBO was solved once using the real 
hardware, the resulting energies of these trials are shown with blue stars. From these histograms, we observe 
better results when the penalty parameters are such that the spectrum is split (bottom).
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feasible solutions. To explain the potentially better performance in the cases with overlapping spectra, recall that 
high penalty values can reshape the low energy part of the optimization landscape. This potentially introduces 
gaps before good feasible solutions, and hence may trap the quantum optimization in higher energy states—see 
the Supplementary Information for further discussion including the entire spectra (split and overlapping) of 
selected QUBO problems.

Figure 8 continues the comparison between the results obtained with the D-Wave machine and the IonQ 
simulator running QAOA with the one-layer ansatz, now focusing on the properties of the solutions to the two 
train 18 variable railway scheduling problem, both with and without disturbances. Here, we show a comparison 
of the objective values (the tardiness) associated with the feasible solutions returned by each device, alongside 
the passing times from MR → CS encoded into each solution. We observe that the distribution of passing 
times produced by the two approaches are very similar, despite the distributions of objective values being quite 
different.

Fig. 7.  Histograms of the measured energies for one particular disturbed 18 variable problem with 2 trains 
from noisy simulations of the IonQ Aria-1 device running QAOA with a single-layer (a,b) or two-layer (c,d) 
ansatz and from experiments with the D-Wave annealer with a 10 µs annealing time (e,f). Results are shown 
for two choices of penalty values leading to overlapping (a,c,e) or split (b,d,f) spectra. Notice that on the Aria-1 
device we obtain better results with a single-layer ansatz than with a two-layer ansatz, especially when the 
penalties lead to an overlapping spectrum.

 

Fig. 6.  Histograms of the result energy measured when solving the largest 18 variable QUBOs from a 
non-disturbed scheduling problem using QAOA with a two-layer ansatz on IonQ’s Aria-1. As in Fig. 5, the 
histograms represent the results of 50 noisy simulations and the blue/red stars show the results of a single trial 
using the actual Aria-1 device. As before, we observe better results when the spectrum is split (right).
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Scaling
An important consideration for any proposed application of NISQ devices is scaling behavior, as that will 
indicate the size of problem instances that can be handled at present and inform what problems are likely to 
be accessible in the near future. To this end, in Fig. 9 we plot the fraction of schedules returned as solutions to 
our railway scheduling problems which were feasible (i.e., those which fulfill all constraints listed in “QUBO 
approach for quantum computing”) as a function of the number of physical qubits required for their solution. 
With both IonQ’s gate-based simulator and D-Wave’s quantum annealer, we unsurprisingly observe that larger 
problems are more likely to yield purported solutions which violated one or more constraints. For the D-Wave 
device, we have sufficient statistics to infer that the fraction of feasible solutions decreases exponentially with the 
number of physical qubits necessary to embed the problem. Bear in mind that the translation of the scheduling 
problem to QUBO significantly increases the number of variables due to the time discretization (Eq. (10)), which 
is not necessary in the original ILP formulation. To reflect this in practice, we have solved the deterministic 
ILP problem with CPLEX (Python API version: 22.1.1.0 on the local CPU). In our case, the CPLEX solution 
was always optimal and the CPLEX computational time was short (0.0014 s to 0.08 s), pinpointing the better 

Fig. 9.  Evolution of the fraction of solutions to scheduling problems which are feasible as a function of 
the problem size, measured by the number of physical qubits required to embed the associated QUBOs 
on each platform. For the D-Wave annealer (a), the results are taken from experiments with an annealing 
time of T = 10 µs. Fits are shown for the disturbed problems with penalty values corresponding to both 
the overlapping and split cases, which shows that the fraction of feasible solutions decreases approximately 
exponentially with increasing problem size. For the IonQ Aria-1 device (b), the results are taken from noisy 
simulations of QAOA run with a single-layer ansatz. Note that there is no embedding overhead on Aria-1, each 
variable is directly associated with one physical qubit.

 

Fig. 8.  Histograms of the objective values and of the MR-CS passing times from schedules obtained from the 
D-Wave annealer with a 10 µs annealing time (a,b) and from noisy simulations of the IonQ Aria-1 device 
running QAOA with a single-layer ansatz (c,d). In both cases, the penalty values psum = 4 and ppair = 2 were 
used, and only feasible solutions fulfilling all constraints from “QUBO approach for quantum computing” 
have been counted. Both disturbed and non-disturbed problems are shown, with the optimal objective values 
indicated with dashed lines. Recall that the ILP versions of the problems were solved using CPLEX, returning 
optimal results (single for each instance) with an objective value of 0 and 6 (and 14 min of MR-CS passing 
time) in computational time of 0.0016 s.
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performance of the ILP approach see ​h​t​t​p​s​:​​/​/​g​i​t​h​​u​b​.​c​o​m​​/​i​i​t​i​s​​/​q​u​a​n​​t​u​m​-​s​t​​o​c​h​a​s​t​​i​c​-​o​p​t​​i​m​i​z​a​​t​i​o​n​-​r​​a​i​l​w​a​y​​s​/​b​l​o​
b​​/​m​a​s​t​​e​r​/​s​o​l​​u​t​i​o​n​s​​/​c​p​l​e​x​​_​b​e​n​c​h​m​a​r​k​s​.​j​s​o​n for particular CPLEX results. However, our goal was to asses the 
accessibility of various NISQ devices to model actual railway stochastic system rather than to compare runtimes 
in finding optimal solutions.

Naively extrapolating to the sizes necessary to solve problems of practical significance in railway scheduling 
(e.g., scheduling a crowded metro7 which is roughly 60× larger than the largest problem solved in this 
work) indicates that such problems will not be accessible even to large quantum devices without some other 
improvements. Nevertheless, there exist approaches such as that of multilevel combinatorial optimization27 
based on hybrid computation which can allow the solution of problems an order of magnitude larger than 
current quantum devices. To this end, we examine the statistical distribution of the results produced by our 
experiments with a goal of using quantum computing as one component of a hybrid algorithm for railway 
scheduling.

Real-world railway rescheduling perspective
To best connect our results with the practical perspective of railway scheduling and operation, we focus on the 
large 11 train disturbed scheduling instance. The associated 182 variable QUBO can be solved on the D-Wave 
annealer (requiring 503 physical qubits) but is too large for current gate-based quantum computers.

For this particular problem, the input disturbed timetable includes conflicts between three pairs of trains. 
A train diagram representing this timetable is shown in Fig. 10a. To resolve this conflict, it is necessary that 
some of the trains involved in conflicts add an additional wait to their schedule. Figure 10b shows an optimal 
rescheduling that resolves these conflicts, generated with a classical ILP solver. Notice that passing times of 
all the trains are the same (i.e., the slopes of the lines are identical). This is not what would be expected for a 
timetable describing the movement of trains through stochastic areas of the rail network; in such a case, the 
passing times should be randomly perturbed and so the slopes should vary. This feature is visible in Fig. 10c, 
which depict timetables corresponding to the best (lowest energy) solution returned by the D-Wave annealer 
and a solutions corresponding to a low-lying excited state, respectively. This observation supports the assertion 
that when NISQ devices are used to solve scheduling problems with this type of QUBO representation, their 
inherent noise may manifest in a way that can capture stochastic behavior of the underlying real-world model. 
(Finally, Fig. 10d depicts one example of a highly-excited yet still feasible solution yielded by the annealer).

To elaborate this observation, we compare the statistics of the D-Wave output to the statistics measured from 
real-world rail traffic. For this comparison, we present in Fig. 11 the distribution of passing times northbound 
MR → CS and southbound CS → MR. The data56 was collected by aggregating passing times at peak hour 
during work days, as that is when the random disturbances due to road traffic are most intense.

We observe that there is some qualitative similarity between the right tails of these distrubutions and the 
results from the D-Wave annealer as were shown in Fig. 4. The most common passing time in the real data is 
12 min compared to 14 min in the D-Wave results, though this difference is due to specifics of Baltimore Light 
RailLink timetable and is also potentially influenced by the details of how the model was constructed and of how 
the real passing time is measured. In the real data we observe that some trains are recorded as going faster than 
the Baltimore Light RailLink timetable specifies. This is likely due to the inclusion of some extra reserve time in 
the Baltimore Light RailLink timetable.

Fig. 10.  Train timetable diagrams illustrating an input disturbed timetable for an 11 train schedule with 
conflicts (a) alongside several possible new solution timetables which resolve the conflict. Each line segment 
represents a train moving from station to station, and trains are numbered according to standard practice in 
railway scheduling. Shown is an initial conflicted timetable (a), an optimal solution found using ILP (b), the 
best solution obtained with the D-Wave annealer (c), and one example of a highly-excited yet still feasible 
solution yielded by the annealer (d). For the D-Wave experiments, the annealing time was 10 µs and the 
penalty values were psum = 4, ppair = 2 yielding an overlapping spectrum.
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To better reflect this behavior and so to capture the left tail of the real-world distributions, we alter our model 
by softening the constraints slightly. The transformation of the scheduling problem into QUBO form remains 
unaltered and the minimization proceeds as normal including all penalty terms, but at the end, we do not check 
any passing time constraints in Eq.  (7) when determining the feasibility of a solution. The distributions of 
passing times extracted from optimizations of the same 11 train scheduling problem with the D-Wave machine 
following this relaxed proscription are shown in Fig. 12. Note that the presence of solutions with passing times 
less than 14 minutes from solutions which violate passing time constraints but respect the remaining constraints. 
These solutions add a left tail to the distributions which brings them closer to the measured transit times shown 
in Fig.  11, especially with higher annealing times. We expect that further tuning of the various parameters 
(especially the annealing time) can bring these distributions even closer together, and it is these similarities are 
the foundation for the modeling of stochastic rail traffic with NISQ devices.

As a final note, while we focus primarily on scheduling of train networks more specifically on scheduling 
the Baltimore Light RailLink network in this work, similar approaches can be followed for other types of 
transportation systems which will yield similar results. Distributions of typical passing times similar to those 
we present have been observed in road-based public transport, for example as shown in Fig. 1A of55. Moving 
forward, the techniques and approaches to rail scheduling discussed in this work to these and other types of 
public transportation networks and indeed to any analogous scheduling problems.

Fig. 12.  Histogram of MR-CS passing times obtained by solving the disturbed 11 train problem with the 
D-Wave annealer. For this plot, the passing time constraint of Eq. (7) was not enforced when checking if a 
given solution was feasible. Results are shown for annealing times T of 10 µs (a,c) or 1000 µs (b,d), and with 
penalty values set to ppair = 2 and ppair = 4 to produce an overlapping spectrum (a,b) or to ppair = 20 and 
ppair = 40 to produce a split spectrum (c,d). If we compare these distributions to those measured from actual 
rail traffic shown in Fig. 11, we see that while there are differences there are also qualitative similarities (e.g., in 
the shape of the right tail of the measured southbound distribution vs. the annealing results).

 

Fig. 11.  Histogram of actual passing times between Mount Royal (MR) and Camden Station (CS) for 
Baltimore Light RailLink trains in morning peak hours (7 a.m.–10 a.m.) and afternoon peak hours (3 p.m.–6 
p.m.). Data for (a) northbound and (b) southbound trains are displayed separately. Data were collected for 
all workdays from 11 through 31 January 2024, excluding the 17th, 18th, and 26th due to Baltimore Light 
RailLink issues.
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Assessing costs of quantum computing
To conclude our analysis, we assess the costs of the application of different paradigms of quantum computing for 
the real problem of Baltimore Light RailLink scheduling, both in terms of the compute time required to solve our 
scheduling problems and in terms of the monetary expense necessary to obtain access to the hardware.

On the D-Wave machine, we ran each problem instance twice, once with 25,000 shots and an annealing time 
of 10 µs and once with the same number of shots and a longer annealing time of 1000 µs. Combined, each 
problem instance consumed just over 25 s of compute time. Adding together the time taken to solve 30 different 
scheduling problems—and hence minimize 60 different QUBOs (split and overlapping spectrum for each)—in 
this way comes out to about 30 min of time required, including overhead.

As for our results from the IonQ Aria-1 device, the iterative optimization used in QAOA required the 
running of ∼ 30 − −50 circuits to evaluate the objective function for each QUBO solved. Unlike with the 
D-Wave machine, the time required for the circuits corresponding to the QAOA ansatz for different problems 
varies depending on the details of the scheduling problem, as the circuit depth varies. The runtime is dominated 
by two-qubit gates, which on the Aria-1 device take 600 µs each. Most of the circuits run in the course of this 
work took on the order of 1–2 s to run 1024 shots, and each full optimization with QAOA required 40–60 min.

With IonQ’s hardware, the expense of running a given circuit depends on the complexity of that circuit. For 
every optimization we ran but one, the circuits used were simple enough that they cost the minimum 97.50 USD 
per run on the read device per circuit (with error mitigation enabled). The most complicated circuit (solving the 
14 variable problem with the two-layer ansatz, 70 single-qubit and 126 two-qubit gates) cost 141.57 USD per run.

We present a summary of the runtime requirements and approximate cost of the computations performed 
in this study in Table 1.

Conclusions
At present, quantum computing is in the era of NISQ devices, which are inherently noisy in an intrusive and 
unavoidable way. For this reason, it is important to incorporate some understanding of this noise at every level 
when attempting to build solutions for practical problems using these devices. Henceforth, leveraging quantum 
noise as a computational resource for optimization, rather than computational efficiency, was the primary goal of 
this work. In this work, we have demonstrated the use of current quantum computers in two different paradigms 
to study the dynamics of real-world rail or tramway operations. In other words, we have demonstrated the 
practical use of NISQ technology in solving real-world problems, particularly in optimizing transportation 
systems under stochastic disturbances. More specifically, we studied the problem of (re-)scheduling a set of 
trains which pass through portions of a rail network that have some degree of inherent stochasticity, e.g. due to 
sharing infrastructure with road traffic. By focusing on this inherently noisy optimization problem, we sought to 
actively exploit the noise present in all current hardware as a strength. Such research encourages collaboration 
across various fields, promotes innovation and new methodologies in both theoretical and applied research.

We focused on scheduling trains in a model of a portion of the Baltimore LightRail Link network, a tramway in 
Baltimore, Maryland, where between some stations trains must travel on tracks which share space with roadways 
leading to randomness in transit times. Hereby, our research potentially improves the efficiency and reliability of 
public transportation systems, benefiting commuters and urban infrastructure. We constructed a variety of test 
scheduling problems starting from an actual timetable for the tramway, with the smallest problem having only a 
single train and the largest having twelve. These scheduling problems were easily translated to QUBOs, at which 
point we solved them using two types of NISQ devices. The first device employed was a quantum annealer, the 
D-Wave Advantage_system6.3, which has 5614 qubits and could easily fit all of our scheduling problems. 
The second device was the IonQ Aria-1 gate-based trapped-ion computer, a 25-qubit device which was capable 
of solving several of the smaller scheduling problems we constructed using QAOA. While current gate-based 
computers have significantly fewer qubits than quantum annealers and while QAOA is a much more expensive 
approach to solving QUBOs than annealing, there is significant merit in the comparison. By testing our approach 
on two devices with completely different computational approaches, physical architectures, and noise models we 
can both demonstrate the broad applicability of these techniques as well as demonstrate how variations in the 
implementation alter the statistics of the output.

Our results show that when optimizing the schedules which govern trains passing through a stochastic zone, 
the effects of the random noise produce a set of schedules which when aggregated produce distributions of 
passing times which can potentially mimic the unpredictable delays visible in measurements of real railway 
traffic. Consequently, this study can serve as a starting point for the development of specialized hybrid quantum/

Quantum device Total execution time Total cost (USD)

D-Wave
Advantage_system6.3 ∼30 min ≈ $1000

IonQ
Aria-1 ∼21 h ≈ $67, 000

Table 1.  Execution time and costs expended on each quantum platform for the computational results 
presented in this paper. The costs reported in the table are those incurred by us. The actual costs may differ for 
other users due to individual pricing policies of the companies. Bear in mind, however, that a classical CPU 
can solve the ILP version of the problem to optimality more efficiently than the quantum devices considered 
and at significantly lower cost.
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classical algorithms that integrate NISQ solvers alongside classical approaches to aid in capturing and optimizing 
the stochastic behavior of railway networks. This is an especially important point as large and practically-relevant 
railway scheduling problems7 are approximately 60× larger than the largest problem we have successfully solved 
herein. By splitting the computation between a NISQ device which handles the noisy optimization component 
and a classical computer which handles the larger deterministic sections of the network which encompass and 
connect the stochastic zone(s), it will be possible to exploit the advantages of NISQ devices while avoiding 
limitations due to their small size. The development of effective error correction strategies, such as the one 
assessing the D-Wave embedding strategy, or error mitigation in variational quantum algorithms such as 
QAOA 57 is a sound avenue for future work. Other future directions of work include the adoption of gate-based 
quantum optimization methods that propose better scalability in terms of the number of qubits44,45 or that are 
are not based on QUBO formulations46.

Finally, in demonstrating the potential for NISQ devices in the realm of stochastic scheduling we have taken 
an important step towards a resolution of several ongoing debates within the operational research community 
regarding the effectiveness of QUBO formulations such as the one we present in “QUBO approach for quantum 
computing” for the planning and re-planning of railway schedules, and for more general practical applications 5 
or similar problem formulations with more general QUBOs  32. To this end, our research opens avenues for 
further research in quantum computing applications, particularly in complex optimization scenarios and real-
time system management.

Data availability
The code and data used in this work have been made publicly available at ​h​t​t​p​s​:​​/​/​g​i​t​h​​u​b​.​c​o​m​​/​i​i​t​i​s​​/​q​u​a​n​​t​u​m​-​s​t​​o​
c​h​a​s​t​​i​c​-​o​p​t​​i​m​i​z​a​t​i​o​n​-​r​a​i​l​w​a​y​s. Data from Baltimore Light RailLink has been collected on ​h​t​t​p​s​:​​/​/​g​i​t​h​​u​b​.​c​o​m​​/​i​i​t​
i​s​​/​B​a​l​t​​i​m​o​r​e​-​​L​i​g​h​t​-​​R​a​i​l​L​i​​n​k​-​d​a​t​a.
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