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Abstract—Dating to 1994, Simon’s period-finding algorithm is
among the earliest and most fragile of quantum algorithms. The
algorithm’s fragility arises from the requirement that, to solve an
n-qubit problem, one must fault-tolerantly sample O(n) linearly
independent values from a solution space. In this paper, we study
an adiabatic implementation of Simon’s algorithm that requires
a constant number of successful samples regardless of problem
size. We implement this algorithm on D-Wave hardware and
solve problems with up to 298 qubits. We compare the runtime
of classical algorithms to the D-Wave solution to analyze any
potential advantage.

Index Terms—annealing, quantum theory, error analysis

I. INTRODUCTION

Many early quantum algorithms fall into the hidden sub-
group class of algorithms, which promise exponential speedup
for computational problems [1]. For instance, Deutsch’s, Si-
mon’s, and Shor’s algorithms solve hidden subgroup problems
[2]. Shor’s algorithm, in particular, took the world by storm
since it solves the factoring problem with an exponential
speedup over the best-known classical methods [3]. However,
these algorithms strongly assume that one can access many
fault-tolerant qubits. Later research has demonstrated that each
hidden subgroup algorithm fails when noise is present on
quantum devices [4]-[6]. Simon’s algorithm, in particular,
fails on gate-based hardware for problems involving over
50 qubits—or 10 qubits on hardware where swap gates are
required to implement the algorithm [4]. In this paper, we
analyze the performance of Simon’s algorithm in the presence
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of noise when executed on a quantum annealer rather than
a traditional quantum circuit computer. In so doing, we shift
the solution frontier for this problem to approximately 300
qubits on quantum annealers (equivalent to 200 qubit prob-
lems on gate-based devices that do not require an ancillary
register). This represents an improvement over the gate-based
implementation; however, it is still below the performance of
classical approaches. We achieve this advancement primarily
by using the quantum annealer to reduce the information
required to solve the problem that must be extracted from
the quantum system.

Recall that Simon’s algorithm relies on a two-to-one black-
box function

fs 40,13 = {0,137,

defined on n-bit strings, where there exists a nonzero s €
{0,1}" such that

file) = f:(2)) = z=2"os,

for all z,2’ € {0,1}", with @ denoting the bitwise exclusive
or (XOR) operator. Here, s is the hidden period of f, and
Simon’s problem consists of finding s [7]. This algorithm
has practical implications in cryptography [8], [9]. Consider a
system that inadvertently employs a function with the above
2-to-1 structure. In such a scenario, Simon’s algorithm can
efficiently determine the secret shift s, exposing a potential
vulnerability. Although secure cryptographic protocols are
designed to avoid such weaknesses, the conceptual insights
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provided by Simon’s algorithm are invaluable for guiding the
development of quantum-safe encryption methods.

Classically, a single query to the black-box oracle f gen-
erally tells us nothing about s. To determine s, we must
repeatedly query the oracle with different input values until we
find two inputs that give us the same output. Once identified,
the XOR of these inputs yields s. The expected number of
queries required to find two such inputs grows exponentially
with the problem size n [10].

Quantum mechanically, however, in general, a single eval-
uation of the oracle reveals one bit of information about s.
More specifically, one shot of Simon’s algorithm samples a
bitstring that is orthogonal to s; that is, we obtain some

z€{z-s=0]z €{0,1}"}, (1)

where - denotes the sum of the bitwise product. As such, if we
obtain (n — 1) linearly-independent nontrivial samples of (1),
then we can construct a system of equations where the only
nontrivial solution is s. In a noiseless setting, our expected
number of samples grows linearly with n [10].

Of course, today’s Noisy Intermediate-Scale Quantum
(NISQ) computers do not constitute a noiseless setting. When
noise is present in our algorithm, we are not guaranteed that
our samples are drawn from (1). Moreover, if our access
is limited to the black-box oracle f, we cannot distinguish
between the samples that are drawn from (1) and those that
are not. Thus, our classical post-processing step becomes a
problem of solving a noisy system of Boolean equations. A
few algorithms exist to solve such systems [11], [12]; however,
the complexity of this process will likely destroy the quantum
advantage for noise levels observed on a current device [13],
[14].

In this work, we present an adiabatic formulation of Si-
mon’s algorithm executed on two noisy quantum annealers
manufactured by D-Wave Systems. By reformulating Simon’s
algorithm as a Quadratic Unconstrained Binary Optimization
(QUBO) problem—a representation equivalent to the Ising
model used in quantum annealing [15]—we prepare a degen-
erate ground state that departs from encoding the traditional
hidden subgroup (1). Instead, it encapsulates two specific input
values z and 2z’ from {0,1}" satisfying f(z) = f(2’) (and
2z # 2'). This approach enables the annealing process to
consistently yield both values, thereby finding the solution
to Simon’s problem. Additional details on the QUBO setup
are provided in Section II, with performance comparisons to
conventional techniques presented in Section III. An extensive
overview on harnessing adiabatic quantum computation for
hidden subgroup problems is available in [16]. A concrete
adiabatic version of Simon’s algorithm is proposed in [17];
however, its reliance on a non-Ising Hamiltonian limits its ex-
ecution on quantum annealers. Moreover, several studies have
extended annealing techniques to solve integer factorization
[18]-[23], as well as to address challenges such as the graph
isomorphism problem [24], [25] and the minimum distance
problem [26].

II. METHODS

The abstract formulation of Simon’s algorithm on a gate-
based quantum computer takes a unitary oracle U/ associated
with the oracle function f; and computes s. Of course, to
implement Simon’s algorithm on a real device, it is necessary
to choose a specific oracle and to compile that oracle into a
specific quantum circuit implementing U/ [4]. The adiabatic
formulation of Simon’s algorithm we propose takes a QUBO
Q{ which encodes f,. To this, a second oracle-independent
QUBO QP is added which ensures that s may be reconstructed
from the output samples of the annealing process.

Q(x,0,ap) = Q! (x,0,a) + Q”(o|p). )

Again, as in the gate-based case, to implement this algorithm
on real hardware, it is necessary to choose a specific oracle f
and to compile this into an explicit QUBO ()}. An arbitrary
boolean expression can be represented in QUBO form [27],
[28], hence this is always possible.

We formulate an n-qubit input oracle for Simon’s problem,
where the i*" output bit is given by the XOR of input bits i
and (¢ + 1). That is,

filz1, 22, ., Tn)i = T3 B i1 = 05, 3)

where we have taken s = 1 to be the secret string of n
ones. Due to the chained structure of this problem, it is
representative of the simplest oracles to implement in QUBO
form. Building the QUBO requires the addition of an ancilla
for each XOR operation, where the value of the ancilla is given
by the AND (A) of the two input bits,

IA(T1, T2, o T )i = T A Tl = Q4. 4)

As per the D-Wave documentation!, an XOR can be encoded
in the following QUBO:

Qo (z1,22,0,a) = x1 + T2 + 0+ 4a + 2z129

5
—2(z1 + x2)0 — 4(x1 + z2)a + 4oa. ®)

We generalize this to n qubits by taking the XOR of each

adjacent pair of input qubits, creating a new output and ancilla
qubit with each XOR,
n—1

Q{(X, 0, a) = Z xr; + Tit+1 +o0; + 4(11' + 2$i$i+1
i=1

—2(1‘1' + xi-‘,—l)Oi — 4(.131 + l‘i+1)ai + 4o0;a;.

(6)

In this equation, x is a length n vector representing the state
of the input qubits, with entries x; for ¢ € [1,n], and o and
a represent the states of the length (n — 1) output and ancilla
registers, respectively.’

The spectrum of (6) for the case of n = 3 is shown in the
first panel of Figure 1. As can be seen, all valid evaluations
of the oracle (represented by the colored bars) are grouped
in a degenerate ground state. In this diagram, each non-gray
color represents a unique output of the oracle. Notice that these

Thttps://docs.dwavesys.com/docs/latest/handbook_reformulating.html
2Consult the appendix for an illustrative example of equations (6) & (7).
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Fig. 1. Energy spectrum for oracle of size n = 3 (meaning there are 3 qubits
in the input register, and 3n — 2 = 7 qubits total across all registers). The
top panel gives the spectrum of the QUBO with no penalties applied. In this
setting, all the valid evaluations of the oracle appear in a degenerate ground
state. Hence, sampling this QUBO yields one of these values at random,
which queries the oracle with a random input. The bottom panel, however,
gives the spectrum with penalties p1 = 2 and p2 = —2. In this case, two
valid oracle evaluations that share a unique output are isolated in the ground
state. Retrieving both inputs that map to this output is sufficient to solve the
problem.

bars have two elements, precisely because the oracle is two-
to-one. In other words, two valid, unique assignments of the
input, output, and ancilla qubits exist for each oracle output.
Finding both inputs that map to the same output (i.e., sampling
both states from one of the colored bars) solves our problem.
However, as we have already observed, in this configuration,
all of the valid evaluations of the oracle appear in the same
degenerate ground state, regardless of the value of the output
qubits. Therefore, using a quantum annealer to sample from
this ground state is equivalent to evaluating the oracle on a
randomly chosen input (with the caveat that the input chosen
for evaluation is selected miraculously after the computation
of the oracle [10]). Therefore, with (6) alone, we obtain no
improvement over the complexity of the classical algorithm.

However, we can do much better with a small addition to the
QUBO. This modification can be made without requiring im-
plementation knowledge of the black-box function. Consider
a modification to (6) where we introduce a penalty parameter
on each output qubit:

n—1
Q(X7 o, a|p) = Z Ti+ Xip1 + (1 +pi)0i + 4a; + 21‘i$2‘+1
=1
72(561 —+ Ii+1)0i — 4(1’7 + Ii+1)ai —+ 401'(11‘.
(7
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Fig. 2.
n = 50 (50 qubit input to the oracle, 148 total qubits). The structure of the
QUBO is such that each variable interacts directly with three or six others.
This connectivity pattern is sufficiently sparse to embed the problem directly
on a D-Wave device without introducing swap operations or ancilla qubits.

The embedding of the QUBO (7) on D-Wave Advantage 5.4 for

This penalizes state transitions between output states, which
effectively fixes a value of the output register throughout our
computation. Significantly, state transitions between the input
and ancilla registers occur with the same ease as before, with
constraints applied only to enforce the rules of the oracle. The
net effect of this addition is a separation of the degenerate
ground state, as shown in the second panel of Figure 1 for
the n = 3 problem with p; = 2 and ps = —2. Observe that
this modification alters the degenerate ground state—it now
contains the valid oracle evaluations for only a single output.
Sampling both states gives us the two inputs that the oracle
maps to this output, and this gives the solution to the problem.

The crux of our approach lies in applying penalty param-
eters to the output transitions within a QUBO formulation of
Simon’s problem. This allows us to solve the problem on a
quantum annealer by efficiently finding two inputs that the
oracle maps to the same output. We do not need to guess
inputs randomly until we find two that match, nor do we need
to construct a linear system of equations that we solve to find
the period. We can attain the period directly by sampling both
states of a precisely prepared ground state.

We evaluate these QUBOs on the D-Wave Advantage 5.4
(Pegasus) and Advantage2 Prototype 2.6 (Zephyr) quantum
hardware. Each variable in the QUBO interacts with up to six
other variables, allowing for a chained embedding within the
hardware topology that does not require extra ancillary qubits
or swap operations. See Figure 2 for an example embedding
of the n = 50 qubit QUBO into the hardware (and recall that
n = 50 defines the size of the oracle input, and 3n — 2 = 148
denotes the total number of qubits utilized in the problem).

III. RESULTS

We evaluated the performance of our adiabatic implemen-
tation of Simon’s algorithm on the D-Wave Advantage and
Advantage?2 systems by running problem instances formulated
as in (7) for various oracle sizes. Using this QUBO encoding
means that the secret string was set to all 1s for all problem
sizes. Systematic experiments were conducted by varying
both the annealing time and the penalty parameters, with an
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TABLE I
SUCCESS PERCENTAGES BY PENALTY CONFIGURATION ON ADVANTAGE2

Balanced Random Uniform
n p(z) [ p(z) p(z) [ () p(z) [ p()
5 39.90% | 58.25% 61.15% | 35.68% 55.48% | 41.88%
10 70.28% | 18.93% 52.10% | 36.40% 62.15% | 24.88%
15 15.95% | 45.25% 24.63% | 39.68% 47.35% 6.68%
20 14.10% | 38.05% 39.23% 5.73% 56.95% 1.80%
25 4.70% 30.05% 12.83% | 24.30% 36.95% 3.05%
30 8.55% 8.58% 8.03% 8.05% 24.53% 3.88%
35 1.28% 20.38% 5.35% 6.18% 21.83% 0.88%
40 1.55% 7.10% 13.85% 1.03% 9.68% 0.63%
45 0.50% 9.55% 8.23% 0.23% 25.70% 0.15%
50 4.55% 1.30% 1.18% 1.28% 26.55% 0%

annealing duration of 100us proving sufficient to solve the
problem reliably over the range of sizes tested.

The proper calibration of the penalty parameters was found
to be essential for the algorithm’s success, with penalty values
of moderate magnitude proving optimal. When the penalty
magnitude was too low (< 1) or too high (> n), the
solution space degenerated into a near-uniform sampling over
all possible outputs, compromising the algorithm’s discrimi-
native ability. The performance of the algorithm is robust for
intermediate penalty values; therefore, the remainder of the
experiments employed a magnitude of 2.

A further observation is that ground state pairs exhibiting
an imbalance in the number of 1s are unevenly sampled.
Specifically, states with fewer 1s occur more frequently due
to their increased resilience against local noise. To counteract
this imbalance, alternating the sign of successive penalty
parameters achieved a balanced distribution between the two
degenerate ground states. An alternative strategy employing
a random sign assignment of penalty parameters yielded
comparable performance, and hence, a balanced assignment
is reported here as representative of the best-case scenario.

This is illustrated in Table 1, which gives the percentage
of occurrence of the two target outputs for each configuration
of penalty parameters. All experiments were conducted with
4,000 shots on the Advantage2 Prototype 2.6 device. The
state p(z) represents the target state beginning with a 0,
while the state p(z’) represents the target state beginning with
a 1. Observe that for the uniform penalty assignment, the
percentage of occurrence between both states quickly favors
p(z), and by n = 50 the state p(z’) is no longer observed.
Under the other assignments, the percentage of occurrence
between both states is more roughly comparable.

Results for penalty parameters given by p; = 2(—1)+1 (the
balanced configuration) are given in Figure 3. To obtain these
results, we ran 4,000 shots for a total annealing time of 100us
of (7) on a D-Wave Advantage system. This plot depicts the
success rate as a function of problem size, where the success
rate is given by the percentage of shots that successfully
sample one of the two values in the degenerate ground
state. (Recall that finding both states with high probability
constitutes a solution to the problem.) We find that the data is
well fit by a Gaussian curve for small problem sizes (n < 40),
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Fig. 3. Success percentage for our adiabatic Simon’s algorithm as a function
of problem size. As before, the problem size (n) denotes the number of qubits
in the input register; the total number is 3n — 2. The number of shots per
problem is fixed at 4000, with an annealing time of 100us. The experiment
was executed on the D-Wave Advantage2 Prototype 2.6 and Advantage 5.4
systems. A successful run samples both target values in the degenerate ground
state at least once. We find that for n < 40, the success rate is well fit by a
Gaussian curve, whereas for n > 40, an exponential curve provides a better
fit.

while an exponential curve better approximates the data for
larger problem sizes (40 < n < 100). Extrapolating this curve,
we expect this function to scale exponentially asymptotically.

In Figure 4, we plot the approximate time to solution of
our algorithm compared to a classical algorithm. To estimate
the time to solution of our algorithm, we computed the
expected number of shots required to sample the ground state
of the Hamiltonian created by (7) at least twice. As has been
discussed, with correctly selected (randomly assigned) penalty
parameters, one can expect that each of the two ground states
will be sampled with roughly equal probability. Therefore, in
the best case, sampling the ground state twice yields a 50%
chance of sampling both outputs and solving the problem. If
the process fails, one can simply re-run with new random sign
assignments for the penalty parameters until success.

For the classical algorithm, we utilized a QUBO solver
based on tree decomposition provided by D-Wave as part of
the Ocean SDK [29]. From Figure 4, we can see that the
adiabatic version of Simon’s algorithm scales exponentially in
time, while the classical tree search solver scales quadratically.
The exponential scaling of the adiabatic algorithm arises from
the expected number of shots required to sample the ground
state at least twice. The quadratic scaling of the tree search
algorithm arises from the tree structure of the search; although
the problem space doubles with every new qubit, the classical
algorithm needs only to search one additional layer of the tree.
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Fig. 4. Estimated time to solution as a function of problem size for
our adiabatic Simon’s algorithm and a classical tree search QUBO solver
implemented by D-Wave. The time to solution for the annealing algorithm is
estimated from the number of shots required to expect to sample from the
ground state twice, yielding a 50% chance of solving the problem if the de-
generate pair is equally probable. The classical algorithm manifests quadratic
asymptotic scaling, while our annealing algorithm scales exponentially with
problem size.

This performance appears to contradict the claim that solv-
ing Simon’s problem takes exponential time on a classical
computer. However, one must remember two salient points.
First, Simon’s problem utilizes a black-box oracle, while the
tree search algorithm has direct access to the instantiated
oracle QUBO. Second, our chosen oracle (3) exhibits a local
structure which may be exploited for a faster classical algo-
rithm. In general, oracles need not have local structure, and
the exponential runtime holds in the worst case.

In addition, the performance of the D-Wave sampling was
benchmarked against VeloxQ, a novel classical solver for
QUBO problems that has been shown to outperform other
solvers [30]. Figure 5 compares the runtime for problem sizes
n € [2,50], using 1024 shots with a 10us annealing time on
the quantum hardware and 1000 optimization steps per shot
on VeloxQ. In this range, VeloxQ achieved lower runtime—
with a slight downward trend—and sampled the ground state
consistently across all problem instances, whereas the D-Wave
quantum annealer began to fail for n > 12. This indicates that
VeloxQ outperforms even the classical tree search algorithm,
obtaining a constant time to solution in the range of n tested.

This QUBO formulation of Simon’s algorithm is theoret-
ically efficient. With a perfect annealer, we can always find
a sufficiently long annealing time 7 such that the ground
state subspace is sampled with a specified probability, say
1/2. Then, since this probability is fixed, we require O(1)
shots to solve Simon’s problem, with the exact number of
shots given as a function of the desired success probability.
Therefore, the runtime scales directly with 7, which depends
on the spectral properties of Q (e.g., for (7), the spectral
gap is independent of n). On a noisy annealer, however, the
presence of noise greatly hinders the runtime by reducing
the probability of sampling from the ground state subspace.
Future improvements in quantum hardware, alongside opti-
mized penalty parameter strategies, may be necessary to make

O Advantage 5.4
/Cé? 200 O Advantage2
\G_: 150 - VeloxQ o oo m] %
: e B
‘g 100 1 O oQgoaw o ®
~
50
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Problem Size (n)
Fig. 5. Runtime as a function of problem size for our adiabatic Simon’s

algorithm and the VeloxQ classical QUBO solver, for n € [2,50] and 1024
shots. As before, the experiment was executed on the D-Wave Advantage 5.4
and Advantage2 Prototype 2.6 systems. In the region tested, VeloxQ exhibited
a slight downward trend in runtime, while the D-Wave systems showed upward
trends. Moreover, VeloxQ consistently identified the ground state, while the
rate at which D-Wave sampled from the ground state decreased with n.

adiabatic implementations a competitive alternative to classical
methods in solving structured computational problems.

IV. CONCLUDING REMARKS

This paper introduced a new adiabatic version of Simon’s
algorithm. Our algorithm prepares a degenerate ground state
that encodes two inputs, which the oracle maps to the same
output. Retrieving both of these inputs is sufficient to solve the
problem. We implement the algorithm on a D-Wave device for
problems with an input register size (n) in the range 2—100.
Runtime on the device is quadratic for small problems and
exponential for larger problems. Asymptotically, the runtime
of our algorithm scales exponentially. We benchmarked our
solution against a classical tree-based QUBO solver imple-
mented by D-Wave and a novel classical QUBO solver called
VeloxQ. The classical algorithms solved the QUBOs quickly,
demonstrating a quadratic asymptotic scaling.

Our results indicate that this adiabatic implementation of
Simon’s algorithm solves the problem in a noisy environment
with an advantage over the gate-based circuit method. In other
words, this algorithm is more robust to noise than the tradi-
tional implementation. This performance advantage is realized,
in part, by avoiding the expensive post-processing requirement
of the gate-based method. That said, the asymptotic scaling of
this adiabatic algorithm is exponential and, therefore, worse
than the quadratic scaling of efficient classical algorithms for
the problem. This corroborates prior results on the primacy of
classical algorithms in the NISQ era [31].

This research could be continued in the future. Most notably,
we implemented this algorithm for a Simon’s oracle in which
the hidden string is the string of all 1s. One could explore
instances of Simon’s problem with different hidden strings and
evaluate algorithm performance. This would involve a QUBO
of a more complex form than (6). While the runtime of the
algorithm with a balanced assignment of penalty parameters
depends upon the structure of the QUBO for the oracle of all
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1s, the random assignment of penalty parameters results in
an algorithm with an expected runtime that remains constant
regardless of the secret string that the QUBO oracle encodes.
Hence, we expect the runtime for all algorithms may increase
comparably due to added complexity in the QUBO; however,
it would be worthwhile to verify this conjecture.

Lastly, it should be determined how tuning the penalty term
affects the scaling of the algorithm. For example, as in other
combinatorial optimization problems (e.g., [13]), the spectrum
of the @ may be split or overlapping depending on how the
energies of various subspaces interleave for any given penalty
value. Understanding how this affects the performance of the
annealing process will be helpful in better understanding the
efficiency of our proposed algorithm and in identifying related
problems that may be amenable to similar solutions.
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APPENDIX

To aid the understanding of equations (6) and (7), we present
here the derivation of the QUBOs whose energy spectra are
presented in Figure 1. These QUBOs are given by

Q(z1,22,73,01,02,a1,a2|p1,p2) =
x| + 2!172 + x3 + (]. +p1)01 + (1 +p2)02 + 40,1 + 4CL2
+2131I2 — 2(1’1 + 1’2)01 — 4(1’1 + xg)al + 401(11

+2x9x3 — 2($2 + .133)02 — 4($2 + .133)&2 + 402&2.8

®)

If the first panel of Figure 1, we have that p; = ps = 0,
and in the second panel, we have that p; = 2(—1)"*! (ie.,
p1 = 2 & po = —2). It is left to the reader to verify that
Q(0,0,1,0,1,0,0|p1,p2) and Q(1,1,0,0,1,1,0|p1, p2) are in
the degenerate ground state under both penalty configurations.
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