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We study discrimination problems gen-
erated by the same basic Haar-random
measurement mechanism at two observa-
tional levels. First, we derive an explicit
expression for the type-1I error in the task
of discriminating a Haar-random measure-
and-prepare channel from the identity
channel I, using a coherence-sensitive en-
tangled tester. Second, after passing to the
induced classical measurement records, we
compare two random measurement mod-
els: one induced by a single collective uni-
tary of the form U®(M+m2) with U € U(d),
and another induced by independent lo-

ciated Haar-averaged aggregate histogram
laws, in which the block of origin of each
count is not retained, we obtain closed-
form formulas and quantify their discrep-
ancy through the total variation distance.
We derive asymptotic expressions in the
fixed-N, large-d regime, the fixed-d, large-
N regime, the sparse joint-scaling regime
N = o(v/d), and the critical scaling regime
N/\/& — ¢. We also identify the block-
resolved pair-of-histograms law, showing
that the aggregate total variation distance
is a coarse-grained lower bound on the dis-
tinguishability available when block labels

cal unitaries UP™ @ US™. For the asso-  are retained.

1 Introduction and motivation

Distinguishing quantum processes is a central problem in quantum information theory, with key appli-
cations in device verification, quantum communication, and process tomography. Formally, it can be
cast as a task of quantum hypothesis testing, in which a decision must be made between two candidate
quantum channels based on a limited number of channel uses and the resulting measurement out-
comes (see [1],[2],[3],[4],[5],[6],[7]). A particularly well-studied special case concerns the discrimination
of unitary channels, where the structural properties of unitary operations — such as the role of entan-
glement, the feasibility of perfect discrimination, and the use of adaptive or multi-shot strategies —
have been analyzed in detail (see [8],[9],[10],[11],[12]). The discrimination of quantum measurements,
which is particularly relevant in experimentally accessible scenarios, has also been widely investigated,
including single-shot and multi-shot settings as well as unambiguous discrimination strategies (see
[13],[14], 151, [16].17]).

A powerful approach to the study of typical properties of quantum channels relies on averaging over
the Haar measure on the unitary group. In this setting, the Weingarten calculus provides explicit
formulas for integrals of polynomial functions of unitary matrices and has become a standard tool
in the analysis of random measurement operators, random quantum channels, and quantum networks
(see [18],[19],]20]). Random quantum channels generated from Haar-random constructions and random
POVMs induced by random isometries have been extensively studied in recent years, see [21],[22],[23].

Rather than characterizing channels through their full Choi representations, we adopt a more op-
erational perspective that focuses directly on the statistics of measurement outcomes they induce.
This approach emphasizes experimentally accessible data and avoids the overhead associated with full
process tomography. It also aligns naturally with practical verification in which only measurement
statistics are available.
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The two discrimination problems studied in this paper are organized around the same basic object:
a Haar-random unitary followed by a projective measurement, or equivalently a Haar-random measure-
and-prepare channel. The first problem uses a coherence-sensitive quantum tester and asks how well
this channel family can be distinguished from the identity channel I. This provides a baseline at the
channel level, before any restriction to classical records is imposed.

The second problem keeps the same random-measurement mechanism but changes the available
data. Instead of testing the channel against the identity, we look at the classical outcome statistics
produced after the measurement and ask whether these statistics reveal the structure of the underlying
Haar randomness. More precisely, we compare a model generated by a single Haar-random unitary
acting collectively (as a tensor power) on a system composed of N = nj + ny subsystems with a
model generated by two independent Haar-random unitaries acting collectively on n; and ng subsys-
tems. While both models produce exchangeable outcome statistics, their Haar-averaged histogram
distributions differ in a nontrivial combinatorial manner.

A useful way to understand the statistical structure of random quantum measurements is through
an analogy with classical occupancy processes. When a fixed input state is measured repeatedly in a
basis obtained from a Haar-random unitary, each outcome can be viewed as drawing a symbol from a
probability vector given by the squared amplitudes of a random column of the unitary matrix.

Conditioned on the unitary, the measurement outcomes are independent and follow a multinomial
distribution. Averaging over the Haar measure therefore induces a classical random process in which
the probability vector itself is random and uniformly distributed on the probability simplex. As a
consequence, the resulting statistics can be interpreted as a classical occupancy problem: distributing
n balls (measurement shots) into d bins (basis outcomes).

In this picture, the most informative events are collisions, i.e. repeated occurrences of the same
outcome. When the number of samples is small compared to the Hilbert-space dimension, collisions
are rare and the outcome statistics are close to those generated by independent sampling from a large
alphabet. In contrast, when the number of samples grows, collisions become more frequent and reveal
correlations imposed by the underlying measurement model.

This observation provides a natural mechanism for distinguishing different random measurement
structures. In particular, correlations between subsystems in a collective Haar-random unitary influence
the probability of collision events across blocks of measurement outcomes. By contrast, when the
measurement is generated by independent unitaries acting collectively on separate subsystems, such
cross-block correlations are suppressed. As we show below, the distinguishability between these two
models can therefore be traced directly to differences in their collision statistics.

Thus the first part fixes the channel-level benchmark, while the main technical part of the paper
analyzes what remains visible after one passes to classical measurement statistics. In that setting,
the central quantity is the total variation distance (TVD) between the Haar-averaged aggregate his-
togram laws. The TVD provides an operationally meaningful measure of statistical distinguishability
for the block-unresolved experiment in which only the total histogram is observed. We also record
the corresponding block-resolved law for the ordered pair of histograms, which gives the operational
distinguishability when the block labels are retained. Our analysis shows that the distinguishability
between collective and block-collective random measurements is governed by collision statistics, lead-
ing to four distinct asymptotic regimes depending on the scaling of the number of samples N and the
Hilbert-space dimension d.

1.1 Contributions

In this work we provide a detailed analysis of discrimination problems for Haar-random quantum
measurement models, moving from a channel-level test to the classical statistics induced by the same
random measurement construction. Our main contributions are as follows:

1. We derive an explicit formula for the Haar-averaged type-1I error probability in the problem of
distinguishing a Haar-random measure-and-prepare channel from the identity channel using a




maximally entangled input and a two-outcome tester. This establishes a channel-level benchmark
for the random measurement family, expressed as a unitary integral evaluated via Weingarten
calculus in Theorem 1.

2. We show that Haar-averaged measurement statistics can be mapped to a classical occupancy prob-
lem, where outcome histograms follow a Dirichlet-induced distribution on the probability simplex.
This provides a transparent probabilistic interpretation of quantum measurement statistics in
terms of collisions.

3. For both the collective and block-collective random measurement models, we derive closed-form
expressions for the Haar-averaged aggregate histogram laws, and show that the block model in-
duces a nontrivial combinatorial deformation governed by constrained histogram decompositions.

4. We express the aggregate total variation distance TVD between the two models in terms of a
combinatorial functional counting admissible histogram decompositions. This identifies collision
events as the fundamental mechanism responsible for statistical distinguishability.

5. We derive the exact block-resolved pair-of-histograms law. This clarifies the operational meaning
of the aggregate statistic: the total-histogram TVD is a coarse-grained lower bound on the TVD
obtainable from block-resolved data, and in the fixed-d, large-IN regime the block-resolved TVD
tends to one.

6. We analyze the behavior of the aggregate TVD in several asymptotic regimes:

e for fixed N and d — oo, we show that the distinguishability is governed by rare collision
events and vanishes with the dimension,

e for fixed d and N — oo, we derive a simplex-limit formula expressed as an explicit integral
over the probability simplex,

e in the sparse joint-scaling regime N = o(v/d), we recover the same collision-driven asymptotic
behaviour,

e in the critical scaling regime N/v/d — ¢, we prove that the collision count converges to a
Poisson random variable and derive an exact expression for the limiting aggregate TVD as

an expectation over this distribution (Theorem 27), providing a complete description of the
transition between sparse and dense sampling regimes.

2 Distinguishing a measurement channel from the identity channel I

In this section we analyze the problem of distinguishing the identity channel I from a random quantum
channel implemented as a measurement in a collectively rotated computational basis, using a fixed
two-outcome tester and a maximally entangled input state. Our goal is to compute the Haar-averaged
probability of a type II error and to express it in terms of a Haar integral over the unitary group. For
each U € U(d) we define a measure-and-prepare channel QéN) acting on (C?)®V defined as follows.
Let U € U(d) be a Haar-random unitary and let {|k)}9_! denote the computational basis of C%. For
a multi-index k = (ko, ..., ky_1) € [d]V, define, in the Heisenberg picture,

Eyy = U |k)(k| U,

(1)
Eyx = Eug, @ @ Eygy_,-

The channel QEN) is then given by

QN i p S (TrEyxp) KK, (2)
ke[d)N




where {|k)} denotes the standard product basis of (C%)®. Equivalently
N
0 (p) = A (BN puten), (3)

where

Alp) = _(klplk) k) (kI (4)

k

This channel corresponds to a measurement in the rotated computational basis followed by a classical
encoding of the outcome.
We consider the hypothesis

Hy: X =1,

H:x=QM £1, (5)

and a bipartite system Ha ® Hp = (CH)®N @ (C4)®N. The unknown channel X € {I, ngN)} acts

on subsystem H 4, while the identity channel acts on Hp. The discrimination strategy consists of

preparing a maximally entangled state between H4 and Hp, |[¢) = ﬁ >k [kk), followed by a joint

measurement on the output state.
The two-outcome measurement {Ily, IT;} is performed jointly on H4 ® Hp and is defined as

1
T = v 3 )l = o).
M =1 — TI,.

Let us denote the resulting output states by

po =0y,  pui= QN @T)(jv) ). (7)

The measurement outcome corresponding to Ily is interpreted as accepting Hg, while the outcome
corresponding to II; is interpreted as accepting H;. The type-I and type-II errors are then given by

pr = Tr(polly),

prr = Tr(pyllp), (®)

where the type-I error corresponds to incorrectly identifying the channel as different from the identity
when it is in fact the identity, and the type-II error corresponds to failing to detect a difference when
the channel is QEN).

:

v o) = = ) (T, Ty}

——

Figure 1: Discrimination protocol between the identity channel T and the Haar-random measurement channel Q%,N).

The maximally entangled state |} is prepared across N subsystems. The channel QgN) acts collectively on these
subsystems, followed by the joint measurement {IIy, II; }.

Theorem 1. For the above discrimination strategy the following holds:




1. If X =1, the outcome corresponding to Iy is obtained with probability 1.

2. If X = ngN), then the Haar-averaged type—II error

Prp = / pri(U)dU 9)

s given by
_ 1 _
P =gy 2 dWe(ol7d) (10)
o,TESN
where Wg denotes the Weingarten function and c(o V T) denotes the number of blocks in the join

of the set partitions induced by the cycle decompositions of o and T.

Proof. The first statement follows from the definition of IIy and [¢));

Tr [) (| 1p = 1. (11)
For X = ng), define the Haar integral
Iva= 3 [ |0 ve™ o) au. (12)
Kk
Then 1
Prr = d27NIN7d' (13)

A straightforward computation using (2)-(7) shows that

Ing = Z/<k| Eyx k) dU:/(§|Ujj|2>NdU. (14)
k j=0

Using Weingarten calculus, we obtain

Ing= Y dVIWgo 7, d). (15)
o, TESN
The reduction to the Haar integral is purely algebraic; details are provided in Appendix A.1. ]

Proposition 2 (Large-d type-1I asymptotics). Fiz N > 1. As d — oo, with constants in the O(-)
terms depending only on N, the following asymptotic expansion holds:

(3)

Ing=1+ T O(d™?), (16)
5= 4 (3) 0@d2) | L= 17
Prii= 5N + v +0(d™") | ——0. (17)

Hence, for fized N, the Haar-averaged type-1I error vanishes asymptotically.

The proof is based on the Weingarten expansion and an analysis of the contributions of permutations
in Sy. It is presented in Appendix A.3. We have thus derived an exact formula for the Haar-averaged
type-1I error in discriminating a Haar-random measure-and-prepare channel family {QEN)} Uer(d) from
the identity I. The result reduces to a unitary integral that can be evaluated using Weingarten calculus.
This first result uses the coherence of a maximally entangled input to detect the loss of coherence
caused by the random measurement channel. We now turn to the complementary situation in which
the observed data are already classical measurement outcomes. In that regime the identity channel
is no longer the point of comparison; instead, the question is whether the outcome statistics retain
enough information to distinguish a shared Haar-random measurement from independent blockwise
Haar-random measurements.




3 Discrimination via Haar-averaged measurement statistics

In this section we study the classical statistical counterpart of the channel discrimination problem
above. The same operation, a Haar-random unitary followed by a computational-basis measurement,
now produces a classical outcome record. We compare two random measurement models acting on a
composite system of N = nj 4+ no subsystems of local dimension d. The models differ in the structure
of the underlying random channels: a single collective channel versus two independent block-collective
channels. Our goal is to characterize and compare the Haar-averaged distributions of measurement
outcomes induced by these models, and to quantify their aggregate distinguishability using the total
variation distance. We also record how this statistic changes when block-resolved histograms are
available.

3.1 Measurement channels

We fix the computational basis {|j) ?:é of C? and denote by

the product input state on &Y. Measurement outcomes are labeled by strings
k = (ko,...,kn_1) €{0,...,d — 1}, (19)
with the corresponding basis vectors
k) := [ko) ® -+ @ |kn-1) - (20)

We consider measurement channels obtained by applying a random unitary, followed by a projective
measurement in the computational basis. The classical post-processing is described by the dephasing
map A

Alp) = (k| p k) k) (K|, (21)

k

which discards all off-diagonal terms and produces a classical outcome distribution.

Definition 3 (Collective unitary measurement channel). Let N = ni+na. For fized unitary U € U(d),
define

QY (p) = A (UPN pUteN) (22)
and write
QY () =S (B p) Ik)(k|,  where B = UTON [k (1] UV, (23)

k

Averaging over the Haar measure gives
Ve =S u (B W, B = [ (24)
k
Definition 4 (Two-block-collective unitary measurement channel). For fired U,V € U(d), define
QU™ (p) == A [T @ VE) p (Ut @ VIEm )| (25)
where U and V' are independent Haar-distributed unitaries in U(d). Equivalently,

QY™ (p) = > tr(EyY © B2 p) [tm) (1m| (26)
I, m




We write
(N)

QY =my Q] @™ =Euy [Qy] (27)

for the corresponding Haar-averaged channels. In the remainder of this section we analyze the his-

togram distributions induced by QEJN) and le‘l/’m) on the input state |0), and then average these laws
over the Haar measure. Exploiting permutatioﬁ invariance, we first derive an exact formula for the total
variation distance between the resulting Haar-averaged aggregate histogram laws, where the observer
retains only the total counts. We then compare this block-unresolved statistic with the block-resolved
statistic given by the ordered pair of histograms.
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Figure 2: Equivalent representations of the collective model. The multipartite implementation using N copies of

QS) is equivalent to the collective channel ngN) acting on the product input state |0)®", producing the classical
outcome vector k = (ko, ..., kn—1).

0 — S
0 — N

0 —— T —

10) O e |0y () L3 @

R

Figure 3: Equivalent representations of the block model. The multipartite implementation using n; copies of QS) and

ng copies of QE}) is equivalent to two collective channels Qg”) and st) acting independently on the corresponding
subsystems, producing the classical outcome vectors k(1) and k(?). In the aggregate experiment, the observer retains
only the total histogram obtained after forgetting the block assignment of the outcomes.

3.2 Histogram reduction for a single random unitary

In this section, we show that the output statistics of the random measurement channel can be reduced
to a distribution over histograms, which significantly simplifies the analysis.

Lemma 5 (Permutation invariance). Let k, k' € {0,...,d — 1} be two outcome strings such that k'
is obtained from k by a permutation of subsystems. Then

tr(E ' 0)(0]) = tx(Ey” [0)(0]) (28)

Consequently, the probability of observing an outcome k depends only on the multiplicities of the
symbols appearing in k.




Proof. Let 0 € Sy be a permutation such that k€’ = o(k), and denote by P, the corresponding
permutation operator on H®N. Using the Haar invariance and the fact that P, |0) = |0), we obtain

By =B Pl (29)
which implies
—=(N —=(N
tr(Ey 0)(0]) = tx(EL [0)(0]) (30)
The detailed permutation-based argument is given in Appendix B.1. O

Motivated by Lemma 5, we introduce the histogram associated with an outcome string k. We
denote by A the random histogram of measurement outcomes obtained from the channel ngN) acting
on the input state |0). Thus, A is a random variable taking values in the set of integer vectors
A= (Xo,...,Ad—1) € N? such that Z;l;(l) A; = N. A particular realization of this random variable will
be denoted by .

Definition 6 (Outcome histogram). Given an outcome string k = (ko,...,kn—_1), the associated
histogram is the vector

A= (Noy-y Ad—1),

Aj=#{r: k. =j}, (31)

satisfying Z?;(l) Aj=N.

Lemma 7 (Conditional multinomial distribution). Conditioned on a fixed unitary U, the histogram

A of outcomes produced by ngN) acting on |0) follows a multinomial distribution with parameters
(N, W), where

W= Wo,W1,...,Wy_1), and W;:=|(j|UJ0)|* are the probabilities of observing outcome j.

That is,

7=0 \j* j=0

Since the measurement outcomes are independent and identically distributed according to the prob-
ability vector W, the claim follows directly from standard multinomial statistics. A detailed derivation
is provided in Appendix B.2.

Proposition 8 (Haar-averaged histogram distribution). Let P(A = \) denote the Haar-averaged

distribution of the histogram A obtained from QEN) acting on |0). Then P(A = X) is uniform over all
compositions of N into d parts:
(d—1)IN!

PA=N= v i

(33)

Proof. We compute the Haar average:

P(A =X =m(MNEy

d—1 /\. d—1 A,
Howjﬂ] — m(\) / H()Wj]dU. (34)
j= j=

where m(A) is the number of distinct sequences k with counts specified by A, i.e.

N N
m(A) = </\0,...,)\d1> TN (35)




For a fixed vector A = (Ao, ..., \q—1), denote
d—1 N
I(\) := / [T w;7av. (36)
§=0

For a Haar-distributed unitary U, the probability vector W = (W, ..., Wy_1) is uniformly distributed
over the probability simplex. Thus, the vector W has the Dirichlet distribution Dir(1,...,1) on the
simplex Ag_1, since under the Haar measure all probability configurations are equally likely. Here

Agi={peR?:p > O,di:lpz’ =1}. (37)
i=0
Therefore (d— 1IN
P(A=X)=m(\N)I(\) = Nid—Dl (38)
The explicit value of I(\) is calculated in Appendix B.3. O
Since the distribution is uniquely determined, we denote
PWM(A) :=P(A = \). (39)

Lemma 9 (Blockwise Haar-averaged histogram distribution). Consider the random measurement
n1,n2)

channel Q&V acting on the product input state

10) = |0)*™ @ ]0)®"2. (40)

Let AV and A\? denote the outcome histograms associated with the first and second block, respectively.
Then the following holds:

1. Conditioned on fized unitaries U and V', the outcomes within each block are independent and
identically distributed, and the corresponding histograms follow multinomial distributions.

2. After averaging over the Haar measure, the joint distribution of (A, A?)) factorizes because the
two Haar-distributed unitaries are independent:

nl!n2!<d — 1)'(d - 1)‘

p(A(l) =21 A® = )\(2)) - p(nl)()\(l)) .p(nQ)()\(Q)) — (b d =D £ d— DT
ni — HY] — :

(41)

for all histograms satisfying 3 )\5-1) =n1 and }; )\gz) = ny.
In particular, all admissible pairs of histograms occur with equal probability.

Proof. The result follows from the permutation invariance of the Haar measure and the independence
of the two unitary blocks. A detailed derivation, including the multinomial structure and the Haar
integration leading to the Dirichlet distribution, is given in Appendix B.4. O

Proposition 10 (Histogram decompositions). Fiz a histogram A = (Ao, ..., Ag—1) with Z?;é Aj = N.
Let Ly(ni1,n2) denote the number of vectors

A = (ko, ... kq_1) € N (42)

satisfying
d—1
Z ki =ni, and 0<k;j <M\ forallj. (43)
Jj=0




Equivalently, Ly(ny,n2) counts the number of ways in which the histogram X\ can be decomposed as
A= 2\D A with Zj )\5-1) =ny1 and Zj )\5-2) = ng. Then Ly(ni,n2) admits the inclusion—exclusion
representation
L,\(nl,ng) _ Z (_1)|S\ (nl - ZjES((;\j ‘il‘ 1) +d— 1)7 (44)
sc{o,...,d—1} o
where (3) =0 for a <b.

The formula follows from a standard inclusion—exclusion argument for integer compositions with
upper bounds. Details are given in Appendix B.5.

Proposition 11 (Effective aggregate histogram distribution). Let Pun2)(\) denote the Haar-
averaged distribution of the total outcome histogram A of size N = ni + no obtained from le‘l/’m)

acting on the input state |0) = |0)¥™ @ |0Y¥"2. This is the block-unresolved distribution obtained after

the coarse-graining
AW XDy X = 2D 1 \@), (45)

Then
nylng!(d — 1)1(d — 1)!
(ni+d—1)(neg+d—1)

where Ly(ni,n2) is defined in Proposition 10.

prun2)(y) .=

!L)\(nl,ng), (46)

Proof. We can obtain the effective distribution P("1:72)()\) for A\ = A() 4 X\ by summing over all
admissible pairs (A1), \(?)) satisfying this constraint:

Prm(3) = 3 1 ey PAY = AW AR = 3@)),

47
AW A@) (47)
Since each pair contributes the same constant value, we obtain from Lemma 9
Ino!(d — 1)!(d — 1)!
plua) () = A DM DLy o, ). (48)

(ni+d—1)(na+d— 1)

This quantity counts the number of ways in which the total histogram A can be decomposed into two
component histograms A1) and A\ of sizes n; and ng, respectively. O

3.3 Total variation distance

Corollary 12 (Aggregate total variation distance). We quantify the discrepancy between the sin-
gle-block distribution PN)(X\) and the block—separated aggregate distribution P72 (X) by the total
variation distance

1
(N) p(ine)) — = (N) _ p(nin2)
TVD (P, plm 2)_2%]13 (A) = Pim2) (y)]. (49)
Let
_(N+d-1 _(mi+d-1 _(n2td-—1
M_<w4>, %—<w4>v %_<¢J). (50)
and define
MM,
M= (51)

Using Proposition 11 and the fact that

1 L (n1 ng) P(nl’n2)()\) L)\(nl 712)
PN\ =—, plme)y) = 2270 = ST 2
) =5 N == I = (52)
we obtain
L)\(nlynQ)

1
TVD (P, plmina)) — SErep

e
M

] | (53)

10



Although both distributions admit explicit formulas, the evaluation of the aggregate total variation
distance requires averaging the combinatorial quantity Ly(n1,n2) over all histograms. This motivates
the asymptotic analysis carried out in the next section.

3.4 Block-resolved histograms and operational interpretation

The preceding aggregate total variation distance refers to the statistic
A=2A0 4\3), (54)

This is the natural statistic when the measurement record preserves outcome labels but not the block
of origin of each occurrence. If the observer instead has access to the ordered pair of block histograms
()\(1), )\(2)), then the relevant experiment is different and generally more informative.

Let
d—1
m+d—1
Cm,d::{aENd:Zaj:m}, \Cm7d|:< d_1 > (55)

=0
For a € Cy, 4 and b € C,, 4, write A = a + b. In the shared-unitary model, corresponding to the

collective channel split into two observed blocks, both histograms are sampled from the same Haar-
random probability vector

W = (Wy,...,Wy_1) ~ Dirichlet(1,...,1). (56)
Conditioned on W, the two block histograms are independent multinomials with parameters (ny, W)
and (ng, W):
P(a,b | W) = (Ha,H )(Hb,ﬂ ) (57)
Hence
n1!ng! aj+b;
P(a,b| W) = I, a 'b'HWJ (58)
Averaging over the Haar measure and using the Dirichlet integral from Appendix B.3, we obtain
a H (aj + b;)!
W g = (d - 1) 59
(! R eyl =0
Therefore il
nl'ng (d—l)' (aj—i—b )
Pa(a,b . 60
hle,8) = T, JHO a;1b;! (60)
Equivalently,
a;+b;
1 1L (%))
Py (a,b) = ﬁ. (61)
M)
In the independent-block model, the two Haar averages factorize. By the uniform histogram law
derived earher each block histogram is uniformly distributed on its own composition set P(a) = M1
P(b) = m. Since the two blocks are independent,
Paa(a,b) = — (62)
ind \&, - MlMQI
Thus the block-resolved total variation distance is
TVD (P. Z]P (a,b) (a,b)] Z > H'(aﬁb)— ! (63)
sh md sh 1nd ( ) Ml M2
aECnl d becnz d ni

11



This distance is also the operational distance for full block-labeled outcome strings after Haar averaging:
both models are exchangeable within each block, so conditional on the pair (a,b) all strings with those
histograms have the same probability under both hypotheses, and the likelihood ratio depends only on
(a,b). Since under the independent-block model the pair (a, b) is uniformly distributed on Cp, 4 % Cp, 4,
we may rewrite the total variation distance as an expectation with respect to the uniform law.

1 MMy = (a4 b;
TVD (PshaPind) = iEaﬁuniform |:|M1(N§ H ( ]a' ) 1
ni/ j=0 J

] . (64)

The aggregate formulas above are recovered by applying the coarse-graining map (a, b) — a+b. Indeed,

by Vandermonde’s identity,
d—1
Aj N
= 65

atb=xj=0 \% m

and therefore

1 L
S Pa(a,b) = — = PN, S Puala,b) = Ly(ni,n2) _ plrnz)(y), (66)
- M - My My
a+b=X\ a+b=X\
The map (a,b) — a + b = X forgets the information about which block produced a given outcome
count. In other words, it is a coarse-graining from the pair histogram to the aggregate histogram.

Since total variation distance cannot increase under deterministic post-processing, we obtain
TVD (P(N),P(”l””)) < TVD (P, Prna) - (67)

Thus the total-histogram TVD studied in the sequel is a block-unresolved distinguishability, or equiv-
alently a lower bound on the distinguishability available from block-resolved data.

The extra information in (a,b) can also be seen conditionally on the total histogram. Under the
shared-unitary model,

)\A

H] (a;)

N 9y

(o)
which is a multivariate hypergeometric law: the first block looks like a random subset of n; samples
from the N aggregate samples. Under the independent-block model,

Py(a| X)) = (68)

1

Py A)=—"—.
alaA) Ly(n1,n2)

(69)
Hence the two conditional laws coincide for collision-free histograms but differ once some A; > 2. For
instance, if A; = 2, the shared-unitary model assigns relative weights 1,2, 1 to the local decompositions
(aj,b;) = (2,0),(1,1),(0,2), while the independent-block model weights admissible decompositions
uniformly. The pair statistic therefore detects whether a collision occurred inside a single block or
across the two blocks, whereas the aggregate statistic only records that a collision occurred.

4 Asymptotics of TVD between PN) and P(m:m2)

4.1 Overview of asymptotic regimes

In this section we investigate the asymptotic behaviour of the aggregate total variation distance between
the Haar averaged total-histogram laws P(N)(X) and P(™1:72)()) in the joint limit N,d — co. Thus
the statistic in this section is the block-unresolved histogram A = AY) + A2 Depending on the relative
growth of the number of copies IV and the Hilbert space dimension d, we distinguish several asymptotic
regimes.

12



e for fixed N and d — oo, we show that the aggregate total variation distance vanishes asymptoti-
cally with leading term ™72

e for fixed d and N — oo, we show that the aggregate total variation distance converges to a

nontrivial simplex-limit depending on d and o = 7.

e In the sparse joint scaling regime N = 0(\/&), we recover the same leading collision-driven asymp-
ning

totic —ad

e in the critical scaling regime N/v/d — ¢, we obtain an exact limiting formula for the aggregate
TVD in terms of a Poisson-distributed collision count, leading to a closed probabilistic expression
for the distinguishability.

Each regime is analyzed separately in the subsections below. Depending on the relative scaling of
N and d, the distinguishability exhibits qualitatively different asymptotic behaviours. The regimes
analyzed in this section are summarized in the table below.

Statistic Regime Limiting behaviour Main result
Aggregate TVD fixed N, d — oo ez O(d=?) Proposition 13
Aggregate TVD fixed d, N — o0 simplex integral Proposition 15
Aggregate TVD N = o(\/d) ez 4+ 0 (]C\lf—;) Proposition 20

1 _ a(l—a)c? (1 _ - K
Aggregate TVD N/Vd = ¢ 2 ‘1 c (1-a(l —a)) ‘ Theorem 27
K ~ Poisson(c?)
Block-resolved TVD | fixed N, d — oo M2 4 O(d?) Proposition 28
Block-resolved TVD N = o(V/d) e+ 0 (Zc\l[—;) Proposition 28
1 —a(l-a)c?oC _
Block-resolved TVD N/ Vd = ¢ 2 E He 2 1H Theorem 29
C ~ Poisson(a(l — a)c?)
Block-resolved TVD | fixed d, N — oo tends to 1 Corollary 30

Throughout this section we use the representation of the aggregate total variation distance in terms of
the histogram functional Ly(n1,n2) derived in the previous section. Recall that

My My
M Y

TVD (PO, pram)) = LS N LA(?\}W)

; (70)

-

| -
where the expectation is taken with respect to the uniform distribution over stars—and—bars histograms

B N+d-1 o ni+d-—1 B ng+d—1
M‘( d—1 ) M1_< d—1 ) M2_< d—1 ) (71)

and

4.2 Fixed N, large d for aggregate model

We analyze the behavior of the aggregate total variation distance between the two Haar—averaged
sampling models:

TVD (p(N), p(m,nz)) 7

in the limit of large local Hilbert-space dimension d, while N is fixed. Due to symmetry under Haar
averaging, the probability of an N-shot aggregate measurement record depends only on its histogram
A= (Ao, ..., Ag—1) of occupation numbers. We evaluate the aggregate TVD by separating histograms
according to their collision structure, because collision events constitute the dominant source of dis-
tinguishability between the two models. We split histograms by the number of repeated occupations,

13



distinguishing collision-free and single-collision cases:

So={X: X €{0,1}, Y N =N},
i (72)
S1 = {X : exactly one, \; = 2, all others in {0,1}}.

Histograms with at least two collisions contribute only O(d=2) to the aggregate TVD. Let
S>2 = {\: X contains at least two collision pairs}. (73)

For fixed N, every additional collision reduces by one the number of freely chosen occupied bins. Hence

1S50] = O(dN72). (74)
Moreover, uniformly in A,
PN =0@™N), P\ =0d V). (75)
Therefore
3 ]PW)(A) - P("l’"Q)(A)‘ = O(dN"2)0(d~N) = 0(d~2). (76)

)\GSZQ

Proposition 13 (Fixed N, large d). Fix integers N > 1 and n1,n2 > 0 withny+ns = N. Asd — oo,
we obtain i
TVD (P, plmina)) = TVDg, + TVDg, +0(d2) = = - 2 £ 0(d?) (77)

Proof. We decompose the set of histograms according to the number of collisions. Collision-free
histograms Sy and single-collision histograms S; give the leading contributions, while all histograms
outside SoUS; contribute only O(d~2). The detailed combinatorial evaluation is given in Appendix C.

O]

Hence, the aggregate distinguishability between collective and block-separated Haar-random mea-
surements decays inversely with d, and is proportional to the number of cross-block outcome pairs
nins, reflecting the suppression of global correlations in the large-dimension limit.

4.3 Fixed d, large N: simplex limit (n; = [N | and « € (0, 1) fixed) for aggregate model

In this section we study the asymptotic behavior of the aggregate total variation distance in the regime
where the local dimension d is fixed and the number of measurement outcomes N tends to infinity.
We consider a splitting n; = [aN |, no = N —n; with a € (0,1) fixed. As N — oo with d fixed, the
aggregate total variation distance admits a finite limit depending only on d and . We denote this
limit by

TVDoo(d, @) := lim TVD (PN), plrm)). (78)

N—oo

Below we show that this limit exists and can be expressed explicitly. We then evaluate the general
limiting formula for low-dimensional cases.

4.3.1 Asymptotic expansion of Ly(ni,n2)

For fixed A and large N, Ly(n1,n2) counts the lattice points in a truncated simplex.

S()\):{I‘ERéOZZZL‘j:nl, T S)\]} (79)
J

Let £ = % € Ag-1,t =35 € Ag_1. Then S(A) is n‘f_l times the fixed polytope

{t € Ag—q : tj <uj(f) :=min (1, g)} . (80)

14



It is convenient to express Ly(n1,ng) in terms of generating functions. Writing A = (Ao, ..., Ag—1), we
have

La(n1,n2) = H (14+a+--+ah). (81)

This representation allows us to recover the inclusion—exclusion formula and provides an alternative
route to the asymptotic analysis used below.

Lemma 14 (Truncated-simplex asymptotics). Fiz d > 2 and o € (0,1). Let N — oo, n1 = |aN|,
ny = N —ny, and let A\ = A(N) be any histogram with 3°; \j = N and £ = A/N. Then Ly(ni,n2)
admits the asymptotic expansion

d—1

M gal0) + O(nd?), (82)

LA(nl, n2) = m

uniformly in A, where
d—1
NOE N 1)l (1 = mln{ }) (83)
SCld] Jjes 4

is the normalized (d — 1)-dimensional volume of the continuous polytope obtained by scaling x and A.
Its explicit inclusion—exclusion expression is derived below.

Proof. See Appendix D O

Proposition 15 (Fixed d, large N). Fiz d > 2 and o € (0,1). Let N — oo, n1 = |aN], and
ng = N —ny. Then

1 L
N ni,n _ Soa( )
TVD (P( ), plm 2)) = 5Eemunit(a, ) Hl Ao a) ] +o(1). (84)
In particular, the above limit exists and is given by
1 Pa(l)
TVDoo(d’a) = iEENUnif(Ad,l) Hl - (1 — Oé)dil ] : (85)

Proof. To pass to the limit, we use the representation of the aggregate total variation distance as an
average over histograms

11 Ly(ny,ng2)
(N) p(nimn2)) _ = - _ A\, t2)
TVD(P P ) 2M;1 —=|. (86)
For fixed d, we also have
N d—2 g~ d—2 ,
Mw(d_l)!JrO(N ), Mi~<d_1)!+O(N ) for i=1,2 (87)
Hence i
— _ MiMy S d—1
M = = 1-— 1 1)).
S = () (59)
Since d is fixed, the inclusion-exclusion formula contains finitely many terms only. Moreover,
’ d—1
0<1-Y =< <
o)
jES +
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uniformly in £ € A;_1. Hence the remainder term in the asymptotic expansion of Ly (n1, ng) is uniform
over all histograms A. Combining the asymptotic expansion of Ly(ni,n2) from Lemma 14 with the

asymptotics of M, we obtain
Ly(n1,n2) Pa(l)
— = ]_
M A=yt o) (90)

uniformly over all A such that £ = % € Ag_1. Since the absolute value is a continuous function, it
follows that

‘1_“(7]1\417”2) _’1_% +o(1). (91)
Therefore,
1 Ly(ni,n 1 ol
M%:l_W:M; 1—(1:(&)2[_1 +o(1). (92)

We now interpret the sum as a Riemann sum over the simplex. Histograms A satisfying > ; \j = N
correspond to lattice points in the dilated simplex N - Ay_q. After normalization £ = %, these points
form a grid in Ay with mesh size %, which becomes dense as N — oo. Since all histograms are
equally weighted, the normalized counting measure on the lattice points converges to the uniform
probability measure on Ag_1. Moreover, the function

Pa(l)

T .

En—>’1—

is bounded and piecewise continuous on the compact simplex Agz_;. Therefore, by the standard
Riemann-sum approximation theorem,

1
w3

Pa(l)
— EpoUnit(Ag_1) Hl Tt

Pa(f)
-t

] | (94)

Hence .
N ni,n _
TVD (P( ), plm 2)) = §E€~Unif(Ad,1) Hl T -yt

] +o(1). (95)
O

Remark 16. The model is invariant under exchanging the two blocks of sizes n1 and no. Hence the
aggregate total variation distance depends only on the unordered pair {a,1 — a}:

TVDuo(d, @) = TVDoo(d, 1 — ) (96)

4.3.2 Low-dimensional examples

Case d =2

Theorem 17. Fix o € (0,1). In the fixed-d, large-N regime with d = 2, a normalized histogram can
be parametrized as ¢ = (t,1 —t) with t € [0,1]. Then

TVD(2,a) = a(1 — ) (97)

Proof. In this case we obtain
. t . 1—t
024(t) =max{0,min (1, — ) +min (1, — ) — 1. (98)
o o
Plugging this into the limiting total variation expression yields the one-dimensional integral

l—«

1 olt
TVDwo (2, 0) = 5/ 1—“"2’()‘ dt. (99)
0
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By symmetry, assume o < % Then

p2.0(t) =41, a<t<l-a, (100)

Splitting the integral over the three intervals gives

TVDoo (2 )—1</a1 t’dﬂ—/laadﬁ—
oolS ) =g 0 a(l —a) o 1—« —a

=a(l —a).

b oz(ll_—ta)‘ dt) (101)

O

To validate this expression, we compare it to exact finite-IN computations for several values of a.
Numerically one observes the convergence

e o= 0.5: N =5000 gives TVD ~ 0.2498 — 0.25 = 0.5 - 0.5.
e o= 0.25: N = 5000 gives TVD =~ 0.1874 — 0.1875 = 0.25 - 0.75.
e a=0.1: N =5000 gives TVD =~ 0.09107 — 0.09 = 0.1-0.9.

This confirms consistency between the exact discrete model and the asymptotic analysis.

Case d = 3 (triangle)

Proposition 18. For d = 3 we parameterize a normalized histogram by { = (x,y,z) with x,y,z > 0
and x+y+z=1. Then

TVDo(3, ) = (1_20[)2 [ (@rale) — (1= 0)?), dedy, (102)

Proof. Using coordinates (z,y) on the standard triangle Ay = {(z,y) : 2 >0,y >0, x +y < 1} and
setting z = 1 — x — y, the appearance of the ()4 operator follows from the identity 1 — min(1,u) =
(1 — u)4, so the truncation implemented by the min in the Ehrhart counting formula becomes the
positive part in the piecewise-polynomial limit. This allows us to write all terms in inclusion—exclusion

in a uniform form
praleyz) = > (-DFI(1-13¢ ) . (103)
S§{172, } JeES

Formally the sum runs over all subsets S C {1,2,3}, including S = {1,2,3}. The three-element term

1

equals (1 — L 2 — 0 forall ac 0,1) because =
(0% (6%

N > 1, hence it is omitted in the compact form.
Explicitly,

‘P37a(w7y7Z)=1—Z( _i) S ( €+£>

j=1 a 1<i<j<3 +
-3 -8 - 0- =2 s

+(1_$Zy)j+(1_{;@/)Q(l_lj)j_

Since each (-)4 switches between zero and a linear expression at the thresholds ¢; = o and ¢; +¢; = «a,
3, is a piecewise quadratic function on As.
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The limiting aggregate total variation distance can be expressed as

. E) ¥3, a )
TVDwo(3, @) = IEKNUmf o1 - Epl] =3 / ’ = a) 2 dz dy. (105)
Since E[p3.4] = (1 — a)?, we can rewrite the absolute deviation as
3, }(1_a)2_903a‘

QL al 1

I e o)
For any random variable X with E[X] = m we have the identity

E[|X —m|] = 2E[(X —m)4], (107)

because positive and negative deviations from the mean have equal expectation. Applying this with
X =3, and m = (1 — )? gives

TVDo (3, ) = -2 E[(p30 — (1 — )?)4]. (108)
1

Finally, using that the density of Unif(Ay) is 2 on Ay (whose area is 5), we obtain

TVDw (3, ) = 2 2 /A (p3.a(z,y) — (1 — a)2)+ dz dy. (109)

(1-«

0.0 02 0.4 0.6 08 1.0
«

Figure 4: Limiting aggregate total variation distance between P(N)()\) and P("12)()\), ie. TVD,(3,a), as a
function of «.

The integral appearing in the definition of TVD4 (3, ) does not admit a simple closed-form expres-
sion because the number of polyhedral regions grows rapidly. We illustrate this quantity numerically
as a function of .. The integral was evaluated using a regular grid with N = 500, and the parameter
« was sampled at 200 equally spaced values. Numerically one finds, for example,

TVDOO(?), %) ~ 0.332, TVDOO(3, %) ~0.298,  TVDas(3,0.1) ~ 0.145.
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Case d = 4 (tetrahedron)

Proposition 19. For d = 4 we write a normalized histogram as ¢ = (x,y, z,w) with x,y, z,w > 0 and
r4+y+z+w=1. Then

TVDu (4, ) = (1_6003 /A3 (eaa(z,y,2) — (1 — a)3)+dac dy dz. (110)

Proof. Eliminating w by w = 1 — z — y — z we work on the standard 3-simplex (tetrahedron)
Az ={(z,y,2) :2>0,y>0, 2>0, z+y+2z <1} (111)

By the same inclusion—exclusion argument as before, the truncated-simplex volume admits the uniform
description

prall) = D> (-1 ‘S‘(l—fzé), (112)

5C{1,2,3,4} Jj€ES

i.e. each summand is (1 — éZjeS ()T with d — 1 = 3. The full-set term S = {1,2,3,4} equals

(1- é)i = 0 for every a € (0,1) and is therefore omitted in the compact display. Explicitly the

expansion contains singletons, pairs, triples and the empty set (the leading 1). Then

4

804,a(x7y727w):1_z< _i) + Z ( £+£ >+

j=1 a 1<i<j<4 1<i<j<k<4

Z £i+€j+£k 3

(1 - ?L (113)

The limiting aggregate total variation distance is given by

1—

1
TVDw (4, ) = B E@NUnif(Ag)[

1

= mﬂﬂewumfms) {(@4@@) -(1- a)3)+} ‘

(1= a)? H = 20- a)gEéwUnif(Ag) U(l —a)’ - <P4,a(€)” "

Equivalently (writing the uniform expectation as an integral over the tetrahedron), since the uniform
density on Aj is constant and equals 6 (because Vol(Ag) = ), we have

P4, a(ZE Y,z )

TVDOO(4,a):;/A3 1 Sl

6dxdydz. (115)

Replacing the expectation by the integral over T3 with density 6 gives the computationally useful form

TVDu (4, ) = (1_6003 /A3 (paa0(x,y,2) — (1 — a)3)+dac dy dz. (116)

O]

Since the integral appearing in the definition of TVD4(4, ) does not admit a simple closed-form
expression, we compute this quantity numerically as a function of a. The integral over the three-
dimensional simplex was approximated using a Monte Carlo integration scheme, and the parameter o
was sampled at 100 equally spaced values.

19



0.0 0.2 0.4 0.6 0.8 1.0
@

Figure 5: Limiting aggregate total variation distance between P(N)()) and P("12)()\), ie. TVD,(4,a), as a
function of «.

Numerically:

TVDuo (4, %) ~0.388, TVDa (4, %) ~0.352, TVDs(4,0.1) ~ 0.184.

4.3.3 Summary

In summary, for d = 2, 3, 4 we have derived a closed-form expression in the case d = 2 and integral repre-
sentations together with numerical evaluations for d = 3, 4. The piecewise-polynomial structure of ¢q o
leads to increasingly complex integrals as d grows. Our numerical results illustrate how TVD(d, @)
depends on the parameter c. We also observe that the plots of the aggregate total variation distance
as a function of a are symmetric.

4.3.4 The symmetric split o = %

We now focus on the case N

?7
which plays a distinguished role in the fixed-d, large-N regime. In this case the two blocks have equal
size, and the limiting aggregate total variation distance exhibits additional symmetry and structural
simplifications. Recall that for fixed d the limiting aggregate total variation distance is given by

Ya(l)

ny = ng = (117)

1
Setting o = % yields the universal representation
TVDu (4, 1) = L Epoum 1201 (2 119
oo\ 5 9 ~Unif (Ag—1) 30%( ) ) ( )

where

d—1
¥
+

(0= OFI( =Y min{1,24}) =3 (—1)5(1_2Z€j)j_1. (120)

SC[d) jes SC[d] jes

N

Here the second equality follows from the fact that whenever £; > % for some j € S, the corresponding
term vanishes due to the positive-part truncation. We next observe that the mean value of 1 can be
2

computed explicitly. Indeed, for general a one has

Egtmit(ag_y)@a(0)] = (1 — ), (121)
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which follows from the normalization of the truncated simplex volume. Specializing to o = % yields

Ep unif(Ag_1) [W% (0)] =27@-D, (122)

Using the identity
E[|X — EX|] = 2E[(X — EX).], (123)

valid for any integrable random variable X, together with EW%(@] = 2-(@=1) we obtain
1 - —_ —
TVDs (da %) = 72d 1EZ~Unif(Ad71) H@%(Z) -9 (d I)H

2
1 _
= §2d "B Unit(Ag_1) HSD%(Z) — Epumit(ag_p)le (f)]H = 2" By tmit(a, ) [(90

1
2

The values of TVD(d, %) were computed using Monte Carlo sampling from the Dirichlet distribution.
For each dimension d, we generate n = 10° independent samples. The aggregate total variation distance
was then estimated as

297 By Umit(ay_y) {(@%(5) - 2_(d_1))+} : (125)

Error bars represent 95% confidence intervals, computed as twice the standard error of the Monte

Carlo estimator,
20 40

t———— =% ,
(B vV

where o denotes the empirical standard deviation of the sample values.

(126)

0.7 1

Figure 6: The values of TVD.(d, 3) with error bars.

4.4 Joint scaling limits for aggregate model
4.4.1 (JS-sparse) N = o(+/d)

In the sparse joint-scaling regime N = o(v/d), the total number of measurement outcomes grows
sufficiently slowly compared to the local dimension d so that collisions of outcomes remain rare. As
in the fixed-N, large-d analysis, the dominant contribution to the aggregate total variation distance
arises from histograms with at most one collision. This allows us to reduce the problem to a finite
stratification of the histogram space and to exploit the combinatorial structure developed in Section 4.2.
More precisely, we partition the set of histograms according to their collision structure:
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e Sp: no collisions (all counts 0 or 1),
e Si: exactly one doubleton.

Proposition 20 (Sparse joint scaling). Let N = N(d) satisfy N = o(v/d), and let ny, ny be integers
with nq1 +ng = N. Then, as d — 00, we have,

4
TVD (P, plmne)) = ”1;2 + O(z;;) . (127)
Proof. The argument follows the same collision-based stratification as in Proposition 13. In the
regime N = 0(\/&), the contribution of configurations with two or more collisions is negligible, and
the aggregate TVD is captured by the strata Sy and S;. The leading asymptotics are obtained
by combining explicit formulas for Ly(ni,ny) with expansions of binomial coefficients and of the
normalization factor M. Full details are provided in Appendix E. ]

Remark 21. In particular, since N = o(\/d), we have

where the rate of convergence depends on the scaling of N relative to d. If ny/N — «, we obtain

a(l — a)N?

T +o(1). (129)

TVD (PW), pnm2)) —
Corollary 22. Under the assumptions of Proposition 20, we have
TVD (PN, P(1m2)) 0 a5 d — o0 (130)

This shows that in the sparse joint-scaling regime, the aggregate total variation distance is asymptot-
ically governed by single-collision events, while configurations with multiple collisions contribute only
at lower order.

4.4.2 Critical scaling regime N/vd — ¢

We now investigate the critical joint-scaling regime in which the number of measurement outcomes
grows proportionally to the square root of the local Hilbert space dimension, N/ Vd — ¢, with a fixed
constant ¢ > 0. As before, we consider a block decomposition with n;/N — « and ny/N — 1 — «,
where a € (0,1) is independent of d. Let A = (Ao, ..., A\¢—1) be a random histogram of size N, drawn
uniformly from all weak compositions of N into d parts. Define the collision count by

d s
CA) =) <2’>. (131)

=1

Proposition 23 (Poisson limit for the collision count). Let N be an integer sequence such that

N/Vd — ¢ for some ¢ > 0. Then the collision count C(\) converges in distribution to a Poisson

random variable K with mean ¢?:

C(N) 4K, K ~ Poisson(c?). (132)

d—o0

Equivalently, for each fixed k > 0,

(133)




Proof. This type of Poisson approximation is closely related to classical occupancy problems and
Chen-Stein techniques, see [24]. The proof is given in Appendix F.1. O

Proposition 24 (Decomposition count for finitely many doubletons). Fix k > 0. Let X\ be a histogram
containing k bins of multiplicity 2 and no higher multiplicities. If ni/N — « € (0,1), then

Ly(n1,n2)
()

Proof. See Appendix F.2. O

— (1 —a(1 — )k (134)

Lemma 25 (Critical normalization). Let M = ML Jf N = N(d) satisfies N/\/d — ¢ > 0 and
ni/N — a € (0,1), then

N
(ﬂ) o(1-a)c? (135)
M

Proof. The derivation is given in Appendix F.3. O

Lemma 26 (Critical aggregate domination). Under the assumptions of Lemma 25, the likelihood
ratios La( )
AN, N2

Ry(N\) = ——— 136

a0 = 2L (136)

are uniformly bounded for all sufficiently large d. Consequently, {|1 — Rq(\)|}q is uniformly integrable
under A ~ PUY).

Proof. Every admissible decomposition of a histogram is determined by choosing which ny of the N
occurrences belong to the first block. Hence Ly(ni,n2) < (;L\i ) for every A. Lemma 25 shows that
a(l—a)c

( 7]1\1 )/M converges to e 2, and is therefore bounded for large d. O

Intuitively, in the critical regime the histogram consists mostly of singletons together with a Poisson
number of double collisions. Each collision modifies the number of admissible histogram decompositions
by a factor (1 — a(1 — «)), leading to the expectation formula above.

Theorem 27. Let N satisfy N/vd — ¢ > 0, and let ny/N — o € (0,1) with ng = N —ny. Then the

aggregate total variation distance converges to
1
lim TVD (P, plrna)) — SE 1= 2001 a1 - a))¥], (137)
where
K ~ Poisson(c?). (138)

Proof. Combining Propositions 23-24 with Lemma 25 reduces the aggregate TVD expression to an
expectation over the collision count K. The details are given in Appendix F.4. O

4.5 Block-resolved asymptotics

In this subsection we briefly compare the asymptotic behaviour of the block-resolved total variation
distance with the aggregate statistic analyzed above. As shown in Section 3.4, the block-resolved
experiment retains additional information about the location of collisions across the two blocks. Con-
sequently, the corresponding TVD is generally larger than the aggregate TVD.

Proposition 28 (Sparse block-resolved asymptotics). The leading sparse signal is unchanged. Fiz
integers N > 1 and ni,ny > 0 withny +no = N. Asd — oo,

nin2
d

TVD (P, Prg) = +0(d™?), (139)
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with constants depending only on N. More generally, if N = 0(\/&) and ni, ng = N — ny, then,
uniformly over the block split,

N4
TVD (P, Pond) = ”1d"2 n O<d2> . (140)

The argument follows the same collision-sector decomposition as in the aggregate case. The leading
contribution comes from simple cross-block collisions. Full details are provided in Appendix G.1.

Theorem 29. Let N satisfy N//d — ¢ > 0, and let ni/N — a € (0,1) with ng = N —ny. The
block-resolved limit is governed by the number of simple cross-block collisions. With

B:=a(l —a)c?, C ~ Poisson(f3), (141)

one obtains 1
TVD (P, Pna) — 5 B He_BQC - 1H . (142)

In the critical regime, the number of simple cross-block collisions converges to a Poisson random
variable. Each such collision contributes a factor of two to the likelihood ratio, while all higher-
order collision events are asymptotically negligible. Combining the Poisson approximation with the
asymptotics of the normalization factor yields the stated limit. Full details are given in Appendix G.2.

Corollary 30. For fited d > 2 and N — oo, if % — a € (0,1) and ng = N — ny, then
TVD (P, Pina) — 1. (143)

The shared and independent models converge to mutually singular limiting distributions on the
simplex product space. The claim then follows from standard properties of total variation distance
under weak convergence. See Appendix G.3 for details. In the block-resolved experiment the two
models become asymptotically perfectly distinguishable.

5 Conclusion

In this work we studied distinguishability questions generated by Haar-random measurement channels
at two levels of observation. At the channel level, we considered a maximally entangled tester for
distinguishing a Haar-random measure-and-prepare channel from the identity channel. This provides
a coherence-sensitive benchmark for the random measurement family. At the classical level, we then
asked what can be distinguished after the measurement has already produced outcome data. In that
setting, the problem becomes a comparison of occupancy statistics and, in particular, of collision
structures in random histograms.

For the comparison of the two Haar-averaged measurement models, we obtained exact formulas for
the block-unresolved aggregate histogram laws, proved the large-d asymptotic

ninz

Tt O(d™?) (144)

TVD (P, plmina)) —
for fixed N, and derived simplex-limit formulas for fixed d and large N. We also showed that the same
leading collision-driven asymptotic persists in the sparse joint-scaling regime N = o(v/d).

We also clarified the operational role of the statistic being observed. If block labels are retained, the
AL LA@
J

A
ordered pair of block histograms has an exact likelihood ratio governed by []; ( /\Z)J ), and its TVD

dominates the aggregate TVD by data processing. In sparse large-d regimes the ﬁrs]t—order asymptotics
agree with the aggregate result, but for fixed d and large N the block-resolved TVD tends to one. Thus
the nontrivial simplex limits obtained in this manuscript characterize precisely the block-unresolved
experiment in which only the total histogram is available.
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Our results illustrate how a quantum discrimination problem can be translated into a hierarchy of
statistical questions. Coherent testers detect the measurement channel as a departure from the identity,
while classical outcome statistics reveal the structure of the underlying Haar randomness only through
histogram combinatorics. In the critical scaling regime N/ Vd — ¢, we established that the number of
collision pairs converges to a Poisson distribution with mean ¢?. This leads to an explicit asymptotic
formula for the aggregate total variation distance between the collective and block-separated models.
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A Weingarten calculus

A.1 Evaluation of the integral I, 4

We evaluate
1 1

2
v Iva = oy [ 16U 102 av, (145)
k

where the integration is with respect to the Haar measure on U(d). For a fixed multi-index k =
(ko,...,kn—1) we have

N-1 N-1
2
KIUSY ) = [T Ukrr [T 1) = T 1Ok 1 (146)
r=0 r=0

Summing over all k € [d]V yields

k r=0

N-1 d—1 N
ST Uk 2= (X 1U512) (147)
=0
Thus we obtain
d—1 ) N
Ing = L2)aU. 14
va= [ (S 10F) a0 (148)

To evaluate Iy 4 we use the general Weingarten formula [18, 19]. For arbitrary indices (i,), (4»), (i), (j;.)
of length N one has

N-1 L N-1 N-1
/ [1 Uij, Uiy dv = > (Ha )(Hajhj, )Wg(o_lT,d). (149)
U(d) r=0 o,7eSy =0 o) r=0 ()

The following lemma provides a combinatorial interpretation of the delta constraints appearing in the
Weingarten formula and will be used in the proof of the next result.

Lemma 31. For every pair of permutations o,7 € Sy one has

N-1
_ gc(oVTt
%N HO 5kT‘7ka(r) 6kr7k7—(r) - d ( )7 (150)
ke[d]N r=

where ¢(o V 1) denotes the number of connected components of the graph obtained by joining (r,o(r))
and (r,7(r)).
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Proof. Consider a graph G with vertices {0,..., N — 1}, in which for each r we add two edges:

r~o(r), r o~ 7(r). (151)
The product
N-1
1T ko) Ok (152)
r=0

equals 1 if and only if all indices k, are equal within every connected component of G, and is 0 otherwise.
If the graph G has ¢(o V 7) connected components, then in the tuple k = (ko, ..., ky—_1) one can freely
choose ¢(o V 7) values (one for each component), while the remaining indices are determined. Since
each value can be chosen in d ways, the total number of admissible k equals d*(?V7). O

Lemma 32. Specializing the Weingarten formula (149) to the diagonal case i, = j, =1i. = j. =k,
yields
Ing= Y. dV)Wg(o'r,d), (153)

o,TESN

where c(o V T) denotes the number of blocks in the join of the cycle partitions of o and .

Proof.

d—1 N N—-1 N—-1
IN,d:/ <Z|Ujj|2> dU:/ > !Uimr|2dU=/ ST Uk, Ukyi, dU
Ud) =0 Uld) % r=0 Uld) % r=0
N-1 N—1 (154)
=> Y (I o) (IT Ok ) Walo™trd) = >° d VI We(o'r, d)
k o7eSy r=0 r=0 o,7TESN
O

A.2 Explicit evaluation for small N

Example 33 (Case N = 2). For N = 2 the symmetric group So has two elements: the identity id
and the transposition (12). Using the permutation-sum representation

La= Y dVIWg(o 'r,d), (155)

o,7€S2

we list the four contributions and their combinatorial factors:

(o,7) o lr|e(ovT)
(id,id) id 2
(d,(12)) | (12| 1 (156)
12),id) | (12) 1
((12),12)) | id | 1
Hence
Iy q = (d* + d) Wg(id, d) + 2d Wg((12), d). (157)
The Weingarten values for N = 2 are
) 1
We(id, d) = Z_1 (158)
1
Wg((12),d) = —————. 159
Substituting these into the formula gives, for d > 2,
d+2
Iy )= ——. 1
2d = U (160)
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Example 34 (Case N = 3). For N = 3 we start directly from the general formula

Lg= Y d“V)Wg(o~'r,d). (161)

o,TES3

It is convenient to group the terms by the permutation ™ = o~ 1. For a fized 7 the pairs (o,7) with
T = mo are in one-to-one correspondence with o € Sz, so that

Iig= Y Wg(m,d) ( 3 dC<UV”>>. (162)
TES3 0€ES3
There are three conjugacy classes in Ss:
e m=1d,
e T a transposition,
o m a 3-cycle.
We now compute the inner sums

S(r) =" delevem, (163)

o€E€S3

1. For m =id: If o = id then c(o V om) = 3 giving d®. For the three transpositions c(o V o) = 2,
contributing 3d*. For the two 3-cycles c¢(oc V o) = 1, contributing 2d. Thus

S(id) = d® + 3d* + 2d. (164)

2. For 7 a transposition: Among the siz choices of o € S3 we obtain two cases with c(o V om) = 2
and four cases with ¢(o V om) =1, hence

S(transposition) = 2d° + 4d. (165)
3. For m a 3-cycle: Here all siz values of o yield ¢(o Vo) =1, so
S(3-cycle) = 6d. (166)
Collecting all contributions, we find
I3 4 = We(id, d) (d® + 3d® + 2d) + 3 Wg(transposition, d) (2d* + 4d) 4+ 2 Wg(3-cycle, d) (6d).  (167)

Using the standard tabulated Weingarten expressions, for d > 3, we have

d* 4 6d + 10
I3g= ——"7FF—. 168
MU d+1)(d+2) (168)
In the case of d = 2, we have
g =2. (169)
Indeed, for U € U(2) one has
|Uoo|? + |U11|* = 2/Uno|*. (170)
Since |Ugp|? is uniformly distributed on [0, 1], we obtain
I3,2 = E[(2|Uoo|*)’] = 8E[(|U00[*)’] = 2. (171)
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A.3 Asymptotic analysis for fixed NV

We now analyze the behavior of Iy 4 for fixed NV and d — oo. Recall that

IN,d = Z dC(UVT)Wg(U_lTv d) = Z Wg(ﬂ—7d) S(T‘—)v (172)
o,TESN TESN
_ Z dc(a\/cnr)‘ (173)
geSN

From the general asymptotics of the Weingarten function [19]| one has
We(r,d) = d= V71" (Moeb(n) + O(d7?)), (174)

where 7| = N — () is the length of the permutation, and Moeb(7) denotes the Mébius-type constant
depending only on the cycle type of m (see [19] for the precise definition). On the other hand, S(7) is
a polynomial in d of degree N — |r|. Hence the leading order of the product is

We(m,d) S(m) ~ d~ 2. (175)
Therefore:
e For 7 =1id (|m| = 0) one has

N
d)= Y d)=a"+ ( )dN‘l + 0(dN=2), (176)

2

geSN
and since
We(id,d) = d™ ¥ (1+0(d"?)), (177)
1

their product contributes at orders 1, D
e 7 a transposition (|x| = 1) contributes terms of order Z,
e all other permutations (|7| > 2) contribute at most O(d—%).

Thus the coefficient of d~! can only come from the identity permutation = = id; all nonidentity
permutations contribute at order O(d~2) or smaller.
For m = id we have

N

S(id) = Y dlov) = N a4 = Z[ ] =d(d+1)---(d+N—1)

cESy oeSn k=1 (178)

=d" + (J;[) dVt 0@V ?).

where []Z | is the (unsigned) Stirling number of the first kind. These numbers count the permutations

of N elements that consist of exactly k disjoint cycles, that is, []IX | equals the number of o € Sy such
that c(o) = k. Multiplying with Wg(id, d) = d=V (1 + O(d~?)) yields

We(id, d) S(id) = d~N(1 4+ O(d72)) (dN + (ZZ > a4 O(dN2)>

. (179)
=1+ %l) +0(d?).
For 7 a transposition one has |r| = 1, so S() is of degree at most N — 1 and
We(m,d) S(n) = O(d™?). (180)
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Since N is fixed, summing over all nonidentity permutations contributes O(d~2) in total. Therefore

N
INg=1+ %) +0(d™?), (181)
SO

This completes the proof of the asymptotic expansion.

B Haar-averaged histogram distributions

B.1 Proof of Lemma 5

Consider the state p = |00...0)(00...0| and, for simplicity, denote N = ny + no.
—(N (N
QN (p) =3 tr (B 100...0)(00...0]) [k) (K (183)
Kk
If k = o(m), then

N _ / UTeN 1) (k| USN U = / UteN P, |m) (m| PLUSN dU

(184)
= /PUPUTUT@VPJ im)(m| PTUN P, PLdU = /PUUT@)N im)(m| U®N PTqU = P,EY P
Hence
B |00 L0)(00...0] = trP, EX PT100...0)(00...0| = rELXY PT100...0)(00. .. 0| P, 185

= trEL100...0%(00...0].

That is, the trace depends only on the composition of k, not on its particular ordering. On the other
hand,

B 100 ..0)(0 0...o|:/<00...0\UT®Nyk><kyU®Nyoo...o>dU

f/owwco 01U lov—1) Chol U 10) . (1| U [0} dU = [ | (ol U [0} 2. | (k1] U [0} A7

:/ H | (k| U |0) [2dU.
r=0

(186)

B.2 Conditional multinomial distribution

For the block-unresolved experiment, the variable A provides a complete description of the observed

aggregate statistics. For the random channel QgN), the probability of obtaining a given outcome
sequence depends only on its histogram, not on the ordering of outcomes; for the product channel
gL ‘1;”2), aggregate statistics are obtained by summing over all block-wise histograms A(Y) and \(?)

satisfying A1) + A\(?) = \. Denote W}, := | (k.| U |0) |2. Then

d—1
A .
H| (k| U |0) |? HWk 1w, (187)
=0
Hence we obtain the conditional multinomial distribution
d—1
P(A = AU) = m(A) (Wo) (W)™ ... (Wy_1) =t = m(X) [[ WY (188)
=0
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where m(A) is the multinomial coefficient, i.e.,

A M 189
MmN = ST ol (189)
B.3 Dirichlet integral and Haar averaging
The density of the Dirichlet distribution Dir(ao, ..., a4—1) on the simplex Ay is given by
BN s P 190
fDir(a)(p) = m 1] p;” (190)
7=0
where a = (o, ..., a4_1) is the vector of parameters and
d—1
o«
B(a) = L’Od_l( ]), (191)
I'( =0 ;)
where T'(+) denotes the gamma function. In our case a = (1,...,1), hence
1 (5
fDir(l,...,l)(p) = = : =I'(d) = (d—-1)! (192)

B(1) )

Since for a Haar-distributed unitary matrix U the vector W = (W, ..., Wy_1) is uniformly distributed
on the simplex Ay_1, we can replace the integration over U by integration over the simplex with the
Dirichlet density:

d—1 d—1
Aj Aj
10 = [TIw v = [ TL#) foua,..n @) (193)
7=0 Ad-1 j=0
By substituting the values calculated above, we have
d—1 N
I\) = (d—1)! 11 »;7dp. (194)
Ad-1 -0
Lemma 35. For any parameters «y,...,aq_1 > 0, the following identity holds:
it a;—1 o H;l;é F(aj)
[Ip dp="—"7"<" (195)
Ag_q j=0 F(Z]:O Oéj)
Proof. Recall the definition of the Gamma function,
o0
T(s) = / 15Tt (196)
0
The product H?;é I'(etj) can therefore be expressed as
d—1 d=1 0o -1 -1
H I'(aj) = H / a;?fle*“”jd:cj = / ( H x?’ 1)6_ 250 % dxg - dxg_q. (197)
j=0 j=0"0 [0,00)% 5250
We now perform the change of variables
d—1 .
t= Zl’j, pj = TJ, pE Ad—l- (198)
j=0
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The inverse transformation is x; = tp;, and the Jacobian of this change is |det J| = ¢t?~1. Hence

dxg - - - drg_y = t4 Ldtdp. Substituting into the integral yields

d-1 ~ d-1 N S, d-1 )
N — o — —t,d— _ e vj—
jHOF(aJ) /tO/peAd_1<j1—[0(tp]) et dpd (/0 £ 0 dt)(/A T2 a)

d—1 j=0

d—1 d—1 4
~T (z ) [
§=0 A

d—1 j:()
(199)
H
ence d—1 1 Hd*l F(Oé )
Jo T = 220 (200)
Ag_1 =0 r Zj:O O{j)
O
Using Lemma 35 and I'(d) = (d — 1)! we obtain
d—1 d—11y d—1y
Aj IT5=o A 1955 A
I()\):(d_1)!/ pYdp = (d—1)! J —(d— 1)1 =0 201
Ad—lgHo ’ (Zis(y +1) = 1)! Nt+a-ni 0D
Finally,
d—1
N! —0 Aj! d—1)!N!
P(A=X)=myI()) (d—1)! Hj=o s = ( ) (202)

" X! ! (N+d—1)! (N+d—1I

B.4 Proof of Lemma 9
(n1)

Assume the measurement operators act on separate blocks, i.e. Ep;” acts on the first block subsystems

n1 and E‘(}'ﬁz acts on the second block ng, and the input state factorizes as p = p(™) @ p("2) with

pm) = pn2) = 10...0)(0...0|. Then

e[ (B @ B2 (o) @ pn2)]

= tr( By o™)) tr (B2 ™))
=(0...0[ EJ|0...0)(0...0] EF2) J0...0) (203)
ny—1 no—1

= [ 1L 1@1v10)Pav [ ] 1l vio) 2av
s=0 t=0

For ng‘l/’nﬂ we introduce the count vectors A() and A®) for the first and the second block, respectively.

Computing analogously as for Q(UN), we obtain

d—1 A d—1 2@
PAD = XD A® = @y, v) = mH W) H W -mP(A?) H Z (204)
j=0 j=0
where
W, = | (4| U|0) |2,
=161V )] 09
Zj = 1{lvI10)

32



Using the same reasoning as above

PAD = A1 A® = A®) = W (AO). 7AD) . P (A@)) . TAD) =
ml gy [ Ear IOV TR @1y M= nyngl(d — 1))(d — 1)
AP AW (m+d=1DH® @ (n2+d—1!  (ni+d—1Dl(ng+d—1)!
(206)

This shows that the joint Haar-averaged distribution factorizes into two independent multinomial
blocks corresponding to the two subsystems.

B.5 Counting admissible histogram decompositions

We first ignore the upper bounds and consider £; > 0. In this case, the number of solutions is given
by

mtd = 1). (207)

#{kj>0:2kj:n1}:< d—1
J

We now subtract the solutions that violate the constraints k; < A; using the inclusion—exclusion
principle. For each index j, let

Aj = {(kjo, .. wkd—l) : k?j > )\j} (208)

be the set of solutions where the j-th component exceeds its allowed limit. By the inclusion—exclusion
principle,
Ly(ni,na) = Y (-1)¥l4g], (209)
5c{0,...,d—1}
where Ag = ;g 4;-.
For a fixed nonempty subset .S, the condition Ag means that for each j € S we have k; > \; + 1.
Introducing new variables

ki — (A +1 €S
k;:{J (A +1), 75 (210)
k:jv J ¢ Sa
we obtain
=Y K+ N+ DK (211)
JES J¢s
d—1
dDokj=ni=> (N+1), (212)
j=0 jes
where all k; > 0. Hence, the number of solutions corresponding to Ag is
ny— Y esAj+1)+d—1
Ag| = JESN 21
As] ( e 7 (213)

with the convention that (¢) = 0 if a < b. For S = @ we recover |Ay| = (" %), Thus, the final
expression is

Lamomg) = Y (~D) (m —2jesN+ 1) +d— 1)7 (214)
}

sc{o,...,d—1 d—1

where (Z) =0 for a < b.
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Example 36. Let d =3 and A = (2,1,1), so that N = 4. We compute the number of pairs for ny = 3
and ny = 1.
By applying the inclusion-exclusion principle, we have

LE )= Y <—1>'S'(3‘Zf65“j“)”), (215)

where we assume that (z) =0 for a < b. Let us compute the contributions for all subsets S':

(+1)<3J2“2> = (;) = 10. (216)

e S={0}: Yjes(Nj+ 1) =X +1=2+1=3,

(-1) <3 - g " 2) =— (Z) =1 (217)

(—1) (3 N ; * 2) =— (;’) =-3. (218)
3
- <2> =-3 (219)

(+1) (3 o 2) - (g) -0, (220)

e S =1{0,2}: analogously we have 0.

<+1>(3 -7 2) - @ ~0. (221)

e 5={0,1,2}: S =34+2+2=7,

(T = (7)o -

Summing all the contributions, we obtain

o S=0: Zjes(Aj +1)=0,

e S={l}: M+1=1+1=2,

e S={1,2}: " =2+2=4,

Lx(3,1)=10-1-3-34+040+0—0=3. (223)
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C Proof of Proposition 13

Recall that
So={A: A €{0,1}, D N =N} (224)
J

is the set of collision-free histograms, while
S1 = {\ : exactly one, \; = 2, all others in {0,1}} (225)

is the set of single-collision histograms. The histogram in Sy is specified by choosing the N occupied
bins among the d available bins. Hence
d
So| = . 226
S0 <N> (226)

Similarly, to construct a histogram in Sj, one first chooses the bin carrying the double occupation (in
d possible ways), and then chooses the remaining (N — 2) singly occupied bins among the remaining
(d — 1) bins. Therefore

d—1
|S1] d(N—2>' (227)
Consequently,
ISl _NN=D) 0(d™?) (228)
[Sol — d '

When A has no collision (A € Sp), each of the N hits occupies a distinct bin. Assigning exactly n; to
the first block amounts to choosing nq of these N bins, hence

N
LSO (nl,ng) = < > (229)
ny
Using the asymptotic expansion
d-D' gy kE=1) 2 _
ey (1 S tou )), k= const, (230)
we obtain
PN\ = Ntd=N (1 - N(Azfd_l) +0(d7?)),
(231)
(n1m2) (yy _ NY _ vy oN(; M —1) +n(ng —1) 2
PY (A) = eny g <n1> = NN (1 2 +0(d7?)).
where gl (d— 1)1
ni-na: —1)!
ni,ng +— . 232
Cna,ma (ng+d—1)!(ng+d—1)! (232)
Thus
_ ‘N!d—N <N(N — D) —m(m —1) —na(ng — 1)> +O(dN-2)
2d
2
= |-V VT (@) = [N YR 0@
2d 2d
— N1gN —”1;2 +O(dN2),
(233)
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Summing over all A € Sy gives

1 _nynins 1(d _nyning ning d!N!
TVDg, = —|So| Nld—V = Nig—N =
VDs, = 3180l N~ = 2<N> L 2d dNN!(d— N)!

(234)

d

nlngd d—1)--- d—N-l-l ning N1 ) ning _ ning _
=7 (d-1) d](v ) _ 2 [I1(-5)= 5g (LT0(d™) = =-=+0(d7).

The expansion holds uniformly for every fixed N. We now turn to histograms with exactly one collision.
For a histogram with one bin equal to 2 (A € S7),

Ls, (n1,n3) = (Nn—l 2) N (i‘i:?) + (Z:Z) = (Z) - @i:i) (235)

Thus
P (N) = ey o L
S1 ( ) Cny,ng Sl(n17n2)
_ N N -2 ni(ny — 1) + na(ng — 1) _
— nilntd=N _ g 2 9
nilng!d <<n1> <n1 B 1)) (1 53 +0(d )) (236)
NN (=D Fne(na 1)\ N (N =2 No
Nd (1 5 ) mingtd M| 100 ),
and

—N(N —=1)4+ni(ny — 1) + na(ng — 1))_|_

PN = PG (3) = N1d =N ( o

(237)

N -2 N -2
+mlngld™ +0(d ™) = =N N it +0(d™N2).
ny — 1 ny — 1
We now evaluate the contribution of single-collision histograms A € Sy. Using |S1| = d( ]‘37:12) we get
1 N -2
TVDs, = =|S1||N1d N2y tngtd N +O(dN?)
2 d ny — 1

+0(d™?) =:|Ta — Tp| + O(d™?)

1 d—l _nvning 1 d—l _ N—2
=|=d Nig—N —=d Ing!d—V
‘2 (N—2> d 2 (N—2>"1”2 <n1—1>

(238)
The first term becomes
1 d—1 _nning anLQd(d—1)---(d—N—|—2)N(N—1)
TA:d< )N!d N = T
2 \N -2 d 2d d d (239)
ning N(N — 1) 1 ninaN(N — 1) 1 9
e+ o) (14 0(d ™) = 0(d?)
The second term
1 (d—1 N(N=2) 1 1 1 o (N =2)lngIng!
Tp=-d Ing! d— = —(1+0(d*
BE=35 <N—2> e <n1—1> 2(N—2)!d( +0(™) (=Dl =D (49
nina 1 ningz )
= 1 d = d
U240 ) = " 4 o)
Collecting terms we have
_ —2\ _ [mun2 -2 —2\ _ in2 —2
TVDSl—‘O<d ) (2d +0 (d ))‘+O(d )= > +0(d7?) (241)
Summing the two leading contributions yields
TVD (PN, pnn2)) = TVDg, + TVD, + O(d %) = 222 + 0(d %) + “222 4+ 0(d ™)
= +0(d™*)
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D Proof of Lemma 14

We use the inclusion—exclusion formula
—YiesAj+1)+d—1
L — 1 |S| ny Z]ES( J 24
)\(Tll, 77’2) SC{OE :d_l}( ) ( d—1 ) ( 3)

with the convention that the binomial coefficient is zero if the upper argument is smaller than d — 1.
For fixed d > 2 and all integers a = O(ny), uniformly including the boundary region a = 0, we have

a+d—1 adl
( g1 )1{a>0}_ =~ +0(n{?). (244)

Indeed, for a > 0 this follows from expanding (a+1)---(a+d—1)/(d—1)! as a polynomial in a, while
for a < 0 both leading terms vanish. Applying this estimate to

as:=n1—» (A +1) (245)
jes

and summing over the finitely many subsets S gives the uniform expansion

Lxtm,n2) = =y,

d—1
> (=p¥ (m =2+ 1)) O(n{™). (246)
}

Sc{o,....d—1 jes n

Let ¢; = X\j/N and an = n1/N. Since n; = [aN ], we have ay — a and

—ZJES (A + Z (247)

]ES 1

The function z — (1 — x)i_l is Lipschitz on every bounded interval, and the quantities above remain

uniformly bounded for £ € A; ;. Hence, uniformly in A and in S,
Siesy + D) 6\
1 =S\ ) — 1= 23 =1y
( - Z - O(ni") (248)
+ jeSs +

After multiplication by ncllfl and summation over S, this error is O(nclld). Finally, replacing ¢;/a by
min{1, ¢;/a} does not change any term: if some ¢;/a > 1 appears in a subset S, then the corresponding
positive part is already zero; otherwise the minimum leaves the term unchanged. Therefore

d—1
n _
Lx(n1,n2) = ﬁ pall) +O(n{™?), (249)
uniformly over all histograms A, where
d—1
va(l) = > 1)lsl (1 -3 mm{ }) . (250)
ScH{o,...,d—1 } JES +
E Proof of Proposition 20
Observe that
k+d—1\ dd+1)---(d+k—1) d"5 j
( Q-1 )‘ A k:!jl;[D<1+d)' (251)
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Taking logarithms, we obtain

k—1 j E—1 j
log 1:[ (1 + d) = Z log (1 + d) . (252)

7=0 7=0

Using log(l +z) =z — %2 + O(z?), valid for small z, we get

k—1 j k=l / ] k-l , 1 k-l ;

Zlog(1+d>_z<d_2d2+0< )) Z]_ dgz] +0 EZ]

7=0 7=0 7=0

_ _ _ 4 _ 3 4 _ 3

2d 12d2 a3 2d 42 43 2d d?
(253)
Therefore
k—1 . 3
i\ _ k(k—1) k°
1ong0 (1 + d) = =57 *+0| %] (254)
Exponentiating, and using e* = 1 + z + O(z?) for small z, we obtain
k—1 . 3 3
j k(k—1) k k(k—1) k
HO<1+d>:eXp<2d+O & :eXp(zd>eXp o\e
i= (255)

(o () (10 () -1 M o (1)

Here we used that ( (];dl))Q =0 (dz) dominates the error term O ( ) Hence

_ k _ 4
(lﬁd'f ) 1) i‘ <1+ k(de D +0 (22» (256)

Applying this asymptotic expansion together with

1+a
1+

=(1+a) =(14+a)(1=b+01?) =1+ (a—b)+O(a® +b?), (257)

140

for sufficiently small a, b, we obtain the expansion for M

oMMy N1y ma(m 1)tz (na—1) oM
M n1!ng! 1+ N(JZVd*U a2
N 1 nl(nl—l)—i—nz(ng—l) N(N—1)> _2) N4
_ 1 N 258
<n1> (1+d( 2 g ) TOUT) O (258)

The same stratification by collision structure as in Proposition 13 remains valid uniformly when N =
0(\/8). For collision-free histograms Sy, each outcome appears at most once, and the decomposition of
the total histogram into two blocks reduces to choosing which n; outcomes belong to the first block.
Then
N
LSO (nl, TLQ) = < >, (259)

n1
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Hence, using = = 1 + 2 + O(2?) with z = ™"z,

Ly (n1,m2) _ 1 _pmnz g (N‘*) (260)
M - 40 (57) d a?

For histograms in S; with a single double occupation, the combinatorics is slightly modified, since the
doubleton may be assigned entirely to one block or split across the two blocks.

s = () (Y2 (V) - (V) (N2 e

The drop is
_ (Y _ (N2 (V) ne
Ag, = <n1> Ls, (n1,n2) = (nl B 1) = <n1> NN -1) (262)
Hence (N)
Ag, n1 N?Jl\fnfl) N* nine < n1n2> N4
2L — — | = 1 5 2
- (Ma-mm) @) vt ) PO (263)
Stratum sizes:
(d ~ (d-1\ . N®N-1)
|So\—(N>, \Sl—d(N_2>—Sord_NH. (264)

Moreover, the contribution of histograms with at least two collisions is negligible in the sparse regime.
Indeed, such configurations require either two distinct double occupations or one occupation number
at least three. Their respective cardinalities satisfy

150l = (Z) (jé‘_i) 153 =d<jf,__13>, (265)

and therefore

N4
]P)(SZQCOH.) = O(d2> ; (266)
uniformly in the regime N = o(v/d). Putting this into the uniform-expectation identity gives
1 Lx(n1,n2) 1 Lg,(n1,n
(N) p(nama)) — = _ AL R2) ) 2 M
TVD (P P ) SEx l 1 = ] : (IP’(SO)IEl ‘S
Lg (n1,n L>ocon.(n1,n
]P’(SI)IE[ 1 Lsi(nama) 5] + IP’(SZQCOH.)IE[ 1- W ]szgcou_D (267)
_ LS()(”lanQ) le (n17n2

- ;P(SO)IE[ 1 50 51

4 ;IP’(SQIE[

N4
e ( v )
Since the integrand is constant on the strata Sy and Sp, the corresponding conditional expectations

reduce to deterministic values.
N4
+ O <d2> (268)

Since histograms are uniformly distributed, the probability of observing zero or one collision is given

P(So)zw:%):fc—]w\]dlhro(m)) ol <1+N(N1)+O<N4>>

N LSO (nla n?)

M

B LS1 (nla ’I’l2)

TVD (P, plmina)) — %IP’(SO) 1 =

1
+3P(S1) |1

M~ M NI 2 aN 2d &
1 — N N* N(N —1) N* (269)
=—wngto|\m|=1-—7—+0|=%
1+ (Qd_) d d d
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and

(o)) 2 )
_ N(]\;— 1) (1 N(J\;— 1) +0<Z;>> <1+N;1+O<Jc\z§>> (270)
(o 5]) o)

where M = (N;_dl_ 1) is the total number of histograms. Then

1[So| ning  1|S1| As N4
VD ( PV) plranz)) _ Z 1201 P =5 -
v ( ’ ) om d Tz e

- 1 . N(N — 1) ning }N(N — 1) ning ( n1n2> N74
_2(1 d ) d 2 d N(N-1) = +0 d?

_mng ninaN(N —1)  mnine N n2n3 L0 E
2d 2d? 2d 2d2 d?

o ning ning N4 . ning N4
" a2 +O<d2>_ d +O<d2>'

F  Critical scaling regime

(271)

F.1 Proof of Proposition 23
The robust route is to work with the number of doubletons
Do(N) :=#{i: N\, =2}, (272)
and to separate higher occupancies through the event
Ag = {max Ai < 2} . (273)
On A4, we have C(X\) = Dy(N).

Step 1: higher occupancies are rare. Under the uniform composition law, A has the Dirichlet-
multinomial representation

W ~ Dirichlet(1,...,1), (Y1,...,YN) | W iid. with law W. (274)
Hence
6
PYi=Ys=Ys)=E| W} = —— — . 275
Therefore
Y N 6
P(AS) < E | = —_ . 276
(42) < Z(:sﬂ (3)(d+1)(d+2) (276)
For N/vd — ¢, this gives
P(A3) = O (d7%) = 0. (277)
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Step 2: Poisson limit for Dy(\). For fixed r > 1, the falling factorial moment is

(N—2r+d—r—1)

E[(D2),] = (d), ==, (278)
Vi

where (d); = H{;& (d — 1) is the Pochhammer symbol. This identity is exact: choose r ordered bins
to carry occupancy 2, then distribute the remaining N — 2r balls among the other d — r bins. With
N/\/a—> c and fixed r,

E[(Do).] — ¢ (219)
Thus D2(\) = Poisson(c?) by the method of factorial moments.
Step 3: transfer from D; to C. Since C'(\) = Da(A) on Ay and P(AG) — 0,
P(C(X) # Da(N)) — 0. (280)
Combining this with Da()\) = Poisson(c?) yields
C()\) = Poisson(c?), (281)
which proves Proposition 23.
F.2  Proof of Proposition 24
Assume A has exactly k bins of multiplicity 2 and no higher multiplicities. Then
Ly(ni,ng) =[]0 + )N 21 + z + 22k (282)

Using 1 +z+ 22 = (1 +2)? — =z,

k k .
Ly(ny,ng) = [z™])(1 + )N % Z(—1)j <k> 2 (1+2)%72 =3 (—1)] <k> (N a 23). (283)

Jj=0

Hence

(ﬁ) =0 J J N---(N—=2j+1)
k\ (n1);(n2) .
B B n1);j(n2);
where (m); = H{_é(m —1). For each fixed j, if n1/N — « and na/N — 1 — a, then
(n1);(n2), i1 — q)l
TN — (1 —a). (285)
Therefore, for fixed k,
k .
Bl 5 (et -y = (1 a0 - ) (250)
n1 7=0

This proves Proposition 24.

41



F.3 Proof of normalization Lemma 25

Write
_— MlMQ N+d-1 n1+d—1 n2+d—1
M = M = My, = My = . 287
M ) < N >a 1 < ny >a 2 ( Ny > ( )
For k = O(V/d),
d+k—1 d" k(k—1) K3
=% exp| BT ). P
< ) > 1 exp( 5 +0 pz (288)
Applying this to k = N, ni,ny gives
N N(N —1) N3
M= N!exp<2d—|—0<2 , (289)
d™i nz(nz — 1) N3 .
M; = " eXp( ¥ +O<2>>, 1=1,2. (290)
Hence
—_— N ning N3
M = <n1> exp(— 1 + O<2>> ) (291)
S0 N
() ning N3
In the critical scaling N/v/d — ¢ with n1/N — a,
N
(o) —y eol1-0)e? (293)
M

This proves Lemma 25.

F.4 Proof of Theorem 27

Recall

Lx(n1,n2)
M

On the event Ay, a histogram with Dy(A) = k has only singletons and doubletons. For each fixed k,
Proposition 24 gives

1—
2

] | (204)

Ly(n1,n2)
(m)

Fix € > 0. Choose R large enough so that

— (1 — a1 — )k (295)

P(Dy(\) > R) < ¢ (296)

for all sufficiently large d, using the convergence Dy()\) = Poisson(c?). Since R is fixed, Proposi-
tion 24 applies to each k < R, and taking the maximum over finitely many values of k yields uniform
convergence on {0,..., R}. Hence

L
sup A(n1,n2)

= (1= a(l —a)P2V| — 0, (297)
xDaN<R| ()
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where the supremum is taken over histograms satisfying Ds(\) = k. Therefore, uniformly on the event
Agn{D2(N) < R},
Ly(n1,n2)
N
()

Since P(A5) — 0 and P(Da(\) > R) < ¢, it follows that

—(1— a1 — )2V —0. (298)

L
M —(1—a(l —a)P2® 2. (299)
()
Combining this with Lemma 25,
Innune) (1= (1 — (1 — @) By g, (300)
M
Since Dy()\) = K with K ~ Poisson(c?),
1= (] _ (1 — @))P2N) &y call—a)e? (1 _ o (1 — ). (301)

Since the difference between the two quantities converges to zero in probability, we have

L

Ly(m,m2) 4, e(1=e)e® (1 _ (1 — a))K. (302)
M

By Lemma 26, the corresponding absolute deviations are uniformly integrable. Therefore convergence

in distribution upgrades to convergence of the expectation:

1 L
21{3“1 _ Il ng)

] — SE[|1 - e (1~ a(1 - a))<]]. (303)

This is exactly Theorem 27.

G Block-resolved asymptotic

G.1 Proof of Proposition 28

We follow the collision decomposition used in Proposition 13 for the aggregate statistic, now applied
to the pair histogram (a,b). Recall that the likelihood ratio is

Psh(a, b) M7 Moy -1 (aj + bj)
) - N H ‘ : (304)
Plnd(aa b) M(nl) j=0 a;j
Hence, by (64),
1 Py (a,b) H
TVD (P, Pnd) = =Eing || =——5 — 1| . 305
(it Findt) = 5 Fina { Pina(a,b) )
We decompose the configuration space according to the collision structure. Define
So = {(a,b) : aj +bj € {0,1} for all j}, (306)

El!j such that (aj,bj) = (1, 1),
Sy =1 (a,b) : and all remaining coordinates belong to 7, (307)

{(1,0),(0,1),(0,0)}

3!; such that (aj,b;) € {(2,0),(0,2)},
Sint = ¢ (a,b) : and all remaining coordinates belong to . (308)

{(1,0),(0,1),(0,0)}
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and let S>o denote the remaining configurations, that is configurations containing either at least
two collision events or a non-simple collision pattern (such as occupancies of size at least three).
Accordingly, we write

TVD (P, Pina) = TVDs, + TVDg, + TVDg,,, + TVDs.,, (309)
where for any sector 5,
1 P,
TVDs:=- Y Puala,b) ‘ oh( ‘ . (310)
2 1nd
(a,b)es

We may therefore decompose the expectation according to the collision sectors as follows:

Py(a,b) 1‘

1
TVD (PP =5 X PalSEua || -

S€{50,5x,Sint,S>2}

(a,b) (S S] . (311)

We first estimate the contribution of S>3. Exactly as in Section 4.2, every additional collision reduces
by one the number of freely chosen occupied bins. Therefore

Seal = O(d¥2). (312)
Moreover, uniformly in (a,b),
Pa(a,b) =0(d™™),  Pnala,b)=0(d™"). (313)
Hence
TVDg,, = O(d™?). (314)

We now analyze configurations containing at most one collision. For (a,b) € Sy, since (aj,b;) €
{(1,0),(0,1),(0,0)}, all local factors satisfy

<“J' + bj) ~ 1. (315)
a;

Therefore Pan(a.b) Yy
sh\@, 1412
= ) 316
Poa(a,) ~ M (V) (316)
n1
Using the asymptotic expansion already employed in Proposition 13,
k+d—1 d" k(k—1) Ly
= (14+ == ) 1
( d—1 ) k!( g tod )) (317)
we obtain Pa(a.b)
sh@, nin2 —9
——=1—-——+0(d*). 318
Consequently
Py (a,b) n1Nng 9
= O(d™*). 319
‘ 1nd a, b ' d * ( ) ( )

The complement of Sy consists of configurations containing at least one collision. Under the
independent-block model, there are (J;[ ) pairs of samples, and each pair-collision event has probability
of order d~'. By the union bound, the probability of observing at least one collision is therefore

N2
o) <d> . (320)
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For fixed N, this reduces to O(d~!), hence
Pina(So) =1—-0(d™). (321)

Therefore

TVDg, = ~ (”1;2 + O(d‘z)) (1-0@™) = ";32 +O(d?). (322)

2
Now consider (a,b) € Sin;. Then there exists a unique coordinate such that

(aj,bj) =(2,0) or (aj,bj) = (0,2). (323)

(-

while all remaining factors are also equal to 1. Consequently,

For this coordinate,

Psh(aa b) _ ning

Poglab) — ' 4 +0(d™?), (325)

exactly as in the collision-free case. Then

P (
‘ h(a,b) ' = M2 0(d?). (326)

mdab d

This event requires an internal collision within one of the two blocks. In the first block there are ('3)
pairs of samples, while in the second block there are ("22) such pairs. For two samples drawn from the

same Haar-distributed probability vector, the collision probability equals

d—1
2
21
ZE[Wj] =51 (327)
7=0
Therefore ) )
ni+n
Pind (Sint) = 0( ! 7 2) : (328)
For fixed N = nj + ng, this is O(d—!). Consequently,
1
VD, =5 ("2 + 0 ™)) 0ld™!) = 0(a>) (329)

Thus internal collisions do not contribute at leading order. Finally, consider (a,b) € Sx. Then, for the
unique collision coordinate,

(aj,b;) = (1,1), (330)
and therefore
<aj +bj> _ <2> _9 (331)
a; 1
All remaining factors equal 1, hence
Psh(av b) ( ninz —92 > 2n1ng _9
—= =2(1- d =92 d=2). 9
Pina(a, b) g tour) g T0o@™) (332)
In this case,
Psh(a b) 2n1n9 1
e 1| = [ - T o) = 1+0(a) (333)




A configuration in Sy contains exactly one cross-block collision. There are mino pairs consisting
of one sample from the first block and one sample from the second block. For each such pair, the
probability that both samples occupy the same bin is é. Hence the expected number of cross-block
collisions equals *2. The probability of observing two or more cross-block collisions is O(d=?), since
this requires at least two distinct pairs of samples to collide simultaneously. Indeed, each additional

collision contributes another factor d~1. Therefore

Pina(Sx) = ”1772 +0(d™2). (334)
Hence
_ 1 fang -2 —1y) _ un2 9
TVDs, =3 ( o Tou )) (1 +0(d )) =g H0@™). (335)
Collecting all contributions gives
TVD (P, Pud) = = +0(d ™). (336)

The same argument extends to the sparse regime N = 0(\/&). Indeed, the probability of observing at

least two collisions is now
N4
o[ %) o

since specifying two collisions requires choosing two pairs of samples, which can be done in O(N%)
ways, while each collision contributes a factor d~!. Moreover,

N4
Pina(Sx) = nlc;ﬁ +0 <d2> : (338)

while all remaining sectors contribute only

N4
o) <d2> . (339)

N4
TVD (Pay, Pd) = =2 + O () . (340)

Consequently,

G.2 Proof of Theorem 29

We again start from the likelihood ratio

Psh(a, b) _ M7 My ﬁ a; —l—bj (341)
Pind(aa b) M(i\i) §=0 CLj
Recall that in the critical scaling regime
N
— ¢, @—M)z, "2 51— (342)

Vd N N

We define the number of cross-block collisions by
Cla,b) :=#{j : (a;,b5) = (1,1)}. (343)

Thus C(a,b) counts the number of bins simultaneously occupied by exactly one sample from the first
block and exactly one sample from the second block. Since

ny ~ aN, ng ~ (1 —a)N, — ¢, (344)

Sl=
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we have
ning

d

We now compute the factorial moments of C'(a, b) under the independent-block model. For fixed r > 1
and all sufficiently large d,

— a(l —a) =: 8. (345)

ni—r+d—r—1\ (no—r+d—r—1
( d—r—1 ) ( d—r—1 )
(e

Eind[(c)r] — (d)r (346)

Indeed, choose the ordered list of 7 distinct bins with (a;,b;) = (1,1) and then distribute the remaining
ni1 — r and ny — r counts over the remaining d — r bins. Since ni,ny = O(\/ﬁ), the two ratios are
asymptotic to (ny/d)" and (ny/d)", respectively. Hence

Eina[(C),] — B". (347)
The method of factorial moments gives
C(a,b) 4 Poisson(f). (348)
It remains to check that non-simple collision configurations do not affect the likelihood ratio. Let
By :={a; +b; < 2 for all j}. (349)

By a union bound over triples of samples, using the Dirichlet moment estimates E}_; Wf’ =0(d?)
and E>; WJZZ]- = O(d~?) for independent W, Z ~ Dirichlet(1,...,1), we get

3
mmw@:o<§>:dn. (350)

We now analyze the product
d—1
I1 (aj * bj). (351)
=0\ %

If a bin contains no collision, then

(ajvbj) € {(170)7(071>7<070)}7 (352)
and therefore
<“j + bj) ~ 1. (353)
a;

If a bin contains an internal collision, i.e.

(aj,bj) =(2,0)  or  (aj,b;) =(0,2), (354)

(-

Hence internal collisions do not affect the likelihood ratio. The only nontrivial contribution comes from
cross-block collisions:

then again

(a;,b5) = (1,1), (356)

(#2)-()-
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Consequently, every cross-block collision contributes a factor 2, and therefore on By

d—1

j=o \ Y
Recall Mo M
M=
% (359)
By Lemma 25,
N
@ — P, (360)
M
Equivalently, o
M MM, -
(7‘[,1) M(nl)
Combining this with the previous step yields
Psh(a, b) MlMQ a1 (aj + bj) —BoC
. =~ 11 )= e 2 (362)
Rnd(aa b) M(’m) F=0 7
where
C ~ Poisson(f3). (363)
Let P (a,b)
a
Rg(a,b) := =222 364
d(a7 ) Pjnd(G/,b) ( )

The variables Ry are nonnegative and satisfy Ej,q[Rq] = 1 exactly. The limiting variable also has mean
one, since
E[e_ﬂQC} = e Pexp(f(2-1)) = 1. (365)

Thus convergence in distribution together with convergence of the first moments implies uniform
integrability of { R4}, and hence of {|R; — 1|}. Using the likelihood-ratio representation

1
TVD(Py, Pind) = §Eind [|Ra(a,b) —1]], (366)

we conclude that 1
TVD(Pay, Pua) — 5E [|e#2¢ - 1] (367)

This proves the claim.

G.3 Proof of 30

Fix d > 2 and let N — oo with } — a € (0,1). Under the shared-unitary model, conditioned on
W ~ Unif(Ag_1), (368)

all samples in both blocks are i.i.d. with distribution W. Therefore, by the law of large numbers,

a b p
— — W, W).
(2.0) & ww) (369)
Under the independent-block model, the two blocks are generated independently from independent
Haar-random probability vectors Wy, Ws5. Hence

(2.0) 2 v, (370)

n1’n2
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where Wy, W5 are independent and uniformly distributed on Agz_;. Thus the shared-model limit is
supported on the diagonal
D ={(w,w):we Agz_1}, (371)

whereas the independent-model limit is absolutely continuous with respect to Lebesgue measure on
Ag1 X Ag_q. (372)
Since the diagonal D has codimension d — 1, it has Lebesgue measure zero. Therefore
P((W;,Ws) € D) = 0. (373)

Hence the two limiting measures are mutually singular. To turn this into a total variation statement,
for § > 0 let

Ds = {(2,y) € Ag—1 x Ag1 : [lz =yl < 3} (374)
Under the shared model,
b
Py, ((a > c 11;) 1 (375)
ny n2
for every fixed 6 > 0. Under the independent model, weak convergence gives
b
limsupIF’ind ((a, ) S ’D5) < P(le — Wg”l < (5) (376)
N—oo niy ng

Because Wi and Ws have a joint density and d > 2, P(|W1 — Wa||1 < 6) — 0 as 6 | 0. Therefore, for
arbitrarily small € > 0 we may choose § so that the independent model assigns asymptotic mass at
most € to Ds, while the shared model assigns asymptotic mass one. Consequently,

lim inf TVD(Pyy, Pa) > 1 — €. (377)
N—o0

Since total variation distance is always at most one and ¢ is arbitrary, the desired convergence follows.
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